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ALLIED COURSE -3
PAPER - SBUSINESS MATHEMATICS
Objectives: ) .
At the end of this course the student will be able to

I. Explain basic methods of Analytical Geometry, Set theory. business calculus, and

their basic applications in practice,
2. Discern effects of various types and methods of simple and compound interest

accounl.

3. Connect the acquired knowledge and -skills with practical problems in economics

Unit 1 - ANALYTICAL GEOMETRY _
Analytical Geometry — Distance between two points in a plane — Slope of a straight linc -
Eq.ation of a straight line — Point of intersection of two lines — Cost P/O curves - Demand

& ! 1pply curves — Break even analysis.

Unit II - SETS
Sets — Basic concepts- Types — Subsets-Operation on sets —~Venn diagram - Laws of sets -

applications .

Unit III - MATRICES
Matrices — Basic Concepts — Addition of Matrices — Scalar and Matrix Multiplication-

Inverse — Solution of a system of Linear cquations-Matrix inversion technique, Crammer's

rule.

Usit IV - DIFFERENTIAL CALCULAS : |
Differential calculus — Limit — Continuity — Related Variables — Average and Marginal

Concept - Differential Co-efficient ~ Standard Forms - Differentiation: Concept and rules -
t'igher order derivatives - Incressing and decreasing functions - Criteria for Maxima and

Minima - Applications.
917
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3910 - PERCENTAGES _ ‘
~reg@ntages - Discount — Trade Discount — Cash Discount = Sim d compound Inte
Fnkestest

rue and Bankers Discount.

20% of the Questions must be theory.
80% of the Questions must be problems.

Text Book: _
—/ Sundaresan, S.D.Jeyaseelan - An Introduction to Business Mathematics — Repri
| _20715=S:Chand and Co., Ltd. ISBN 81-219-1463-9. o
erence Books: ‘}

 D.C.Sancheti, V.K.Kapoor — Business Mathematics — 11" edition Reprint 2014
Sultan Chand and sons. ISBN-978-81-8054-538-2. 1
5 JK. Sharma —Business Mathematics Theory And 4 pplications- 2009 - ANE Books  ;

13 Edition ~ISBN-978-8180521836 !
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Analytical Geometry

1'1. Introduction

There arc many problems in geometry which can be translated
into algebra, solved using algebraic techniques,- and translated back
into geometry. Frequently such problems are difficult to solve by
geometrical reasoning alone. There are algebraic problems, of
course, for which drawing a picture may very much help us to
have an insight into the problems. The French mathematician
Ren’e Descartes (1596—1650) gave an algebraic method of discussing
the geometrical propertics of curves.

We consider any plane and take the most commonly used
system—the rectangular co-ordinate system. Any two straight lines in .

Y
p
N T (x.y)
y
——— X —
X ) M X
vf
Fig. 1.

the plane intcrsécling at right angles are used as lines of reference and
a point is located in the plane by giving its distance from each of
them. The lines of reference are called the Coordinate Axes or bricfly

x|
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' 2 An Introduction to Business Mathematics

the axes and the point of i intersection, the Origin,  Just for conven-
ience we take the lines to be horizontal and vertical and call
thclm X-axis and Y-axis respectively (ref. Fig. 1). The planc is divided
intd four parts known as quadrants. The x-Co-ordinate (also called
abgcissa) of a point is its distance from its y-axis and it can be taken
positive if it is on the right and negative if on the left of the y-axis.
The y— Co-ordinate (also called ordinate) of the point is its distance
from the x-axis and it is considered positive if it is above and negative
if below the x-axis. Thus..NP gives the x-co-ordinate and MP the
}hco-o:-dmatc of the point P (Fig. 1). Now, OM the distance moved
along the x-axis is equal to NP and MP is nothing but the distance
moved parallel to the Y-axis to reach P. Thus OM and MP can be
taken as the x and y co-ordinates. We denote the; point, P by
P(x, ), x = OM giving the x-co- ordinate and y = MP giving the
rdinate.' The order'in which 'we wntc x ‘and ¥ is very unportant

That is why!(x, y) is'called an ol-dcrcd pair. Thc first number gives
the distance 'we' have to’ travel along the x-axis and the second
number the distance parallel to'the Y-axis. Thus, the point (2, 3) is
differetit ‘from 'thé point (3,2). i'I‘hc points having both. the co-
ordinates‘as positive numbers lie in the I quadrant When both the .
co-ordinates of i'point are fiegative thc pomt is in the I1I quadrant.
If the x-co-ordinate of a point is ncgauvc and the y-co- -ordinate of
the pomt is positive then” the? point’ is “in the II quadrant. For a
point--in' the.IV. quadrant the’ ‘%-co-ordinate is positive and y-co-

ordinate is negative (Refer Fig. 2).

Y
(D i (1)
("l"’) _________ : 1 (‘Pl")
B(:2,4) [
| 1 .
_.-‘- ’Ir- y L ‘(3,2)
o
’ A 'l A F— A 'l l! | A
X 0- | X
Ct5,-3) [~ 43
!
(m) P (V)
bite sacete$erbanil ae byaw afs woian P!‘-‘Df.a."-:‘?'f), pe bain

10 rues el soasb e aninid, v oo '-;
sisic 10 mrs oisidbioeD oo .*' a3ty 1o ea.
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1-2. . Distance between Two Polnts in . 8, Plane

" We establish fistan
;e . sha formula l‘or ﬁndmg the dmtnnce between two
: ;-'Ct A(xy, y,) and B(x,, .}’n) be two pomts For convcmcn& w'e'
take the points in the first quadrant and establish’ the formula. The
formula will be true wherever Aand Bmay be. We draw perpendi-
culars AM, BN to the x.axis and AR perpendicular to BN.

Y |
B(X,.y,)

{,_ A
(x4 0)

0 M N X
ooy &S .
AR = MN = ON—OM = x—%,
BR = BN—RN = BN—AM = y,—y,
NABR is a right angled tnanglc and by the Pythagorean
Theorem,

AB' = AR} BR
AB = «/AR® - BR?
= V(% —x1)'+ (r=n)" |
Example 1. If A(-3,3), B(5,9) and C(=7, 4) Kfind the dis-

tance between 4 and B ; Band C.
A(-3,3) . B(G,9)
AB = Y 5— (= +0=3)" m v &6
= 464436 = /100 = 10
B(5,9 C-17,4)
BC = v(=71-5P+(4-9 = V(12§ (=5
= /144425 = V169 = 13
Example 2. A road runsmorth-south and & river runs ecast-
west. A factory is 5 kms. north of the river and 3 kms. west of the

road. Anothcr factory is 4 kms. south of the river and 6 kms, east
of the road. Find the length of the telephone line connecting the
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A

he river &

. ¢ us take ! i
e, S

sas b 0
(-3,9)
Al-d, nood
E
River X
X- Y
B(6.-4)
*-
Fig. 4 .
The factories arc represented by the points A(=3,.5) aml
B(6, ~4).

4B = Vo= +(—4-5)
— JOP (=9 = VBI+8I
= 162 = 12:73 kms.
Problem Sct 1(a)

(1) Plot the following points :

A2, 3) E(0, 8) I(—6, 6)
B—-4,—5) 30 57, =3)
@, —4) G(—2,0) K(—6, 5)
D(—1,3) H(0, —4) L(-1,0)
M(3, 3)

(2) Take the plan of your city and introducc the axes through
an important landmark and locate places of importance using co-
ordinates.

(3) Referred to some co-ordinate axes an oil well is at the
point (3, 4) and oil is sent through pipe lines to the port A located
at (7, 9) and the port B located at (—2, 5) (units are in 100 kilometres)
Which port is nearer to the site where oil is drilled ?

_ (4) The plan of an office room is given. The manager's table
isat Pand one of his assistants is at the table at @ (refer Fig. 5).

|ntroduction 10 Business Mathemapicy

¢ the x-axis and the road g4
at 0 where they cross is ¢

Analytical Geometry P

How far will the office boy have to
Q7 (assume that his u-__uv. e Thery s 8 v ok

is a straight line). There is a water cooler
at R. To whom the water cooler is aotow ? X

0 100 4

50

o p

ja. i i et
A = 8
Fig. 5

(5) A tourist car was engaged at Madras whose co-ordinates
are (9,8) to go to Kanchipuram whose co-ordinates are (6,0) and
Tirupathi co-ordinates (3, —4). Find which is more economical,
to go to Tirupathi first or Kanchipuram first if the charges are the
same for return trip also.

[B.B.A. Oct. 1976)

1:3. Slope of a Straight Line (or Gradient of 1 Straight Line)

The steepness of a straight line to the X-axis is described by a
number called the slope of the line. Let "us take any two points
A(x,, y)) and B(x,, y;) on the straight line. The slope is given by
the ratio between the vertical separation and horizontal separation
of the two points. Thus we have,

Slope of the line 4B = %ﬂ (refer Fig. 3)

Ya—h
X3—X;

- =)
—Xy
y co-ordinate of A—y co-ordinate of B
¥ co.ordinate of A—x co-ordinate of B
y;—y is called the change in y and is written as Ay (read as delta y)
and the change in x is x,—x; written as AX

Ay
M—Oﬂ.n = ID..M

In practical problems Ay is called Em
«run”. Therefore slope can be defined as the rise

urise” and Ax the
per unit of run.
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R An Introduction 0 Business Mathamgyic,

‘ ihat a line (o) parallel o the x.ayy,
) . ggures show ! \he x-axis has infinite slope, (¢) ip.
The followioh "0 dicular to e X =R T 10 the lef b
E_wa,_._%%w e itve sloge sod () nclined (0. the et hay
:ned to the T
clined Y 829 '
Nﬁ. ,.
P .u. X X— K
3,-t)
* s S s
v Fig. 6() (
60 b/ B
gy m_”_M of B~ Siopeof 4B Slope of 4B
Slope 9 —4-5 :l._ e Bl JN-H..IM
B ST Yo o ST L | £y
EFX; : kv aurce )
: 5 H.I.d. = .mn . 7
s w - fre SR
= quantity

(Ref. A4) Appendix 1) n:.nuan.m
Now we just state two important results ¢
(1) For parallel lines the slopes are equal.

dicular lines the product of the slopes is —1,
3 i M..H“ _wn-m.nnﬂnﬁno is interested in the proof shall refer to pro-

blem Nos. 3 and 4 in Problem set 1 (b).
Example. Find the slope of the line joining P(—2, 3) and
Bﬁm. 13.

Slope of the line PQ
ope y co-ord. of 0—y co-ord. of P
™ “x co-ord. of —x co-ord. of P

—5-3  _ -8 4
“E(7 0 3
Problem Set 1 (b)

(1) Taking the points given in problem No. 1 set 1 (a) find the
slope of the lines

(a) 4B (b) 4D (©) AC (d) MD

() 17 (f) GE (g) KL (h) CM
comment about their inclination to the x-axis.

Aralytical Geometry

(2) A mechanic js pa;
. paid R ru ( i
M-B....ﬂ. ﬁ rom /, ....u Hy 'then R man_ﬂﬁvﬂoaahwm Swoﬂ..“ Mﬂm ™
oe joining the points (Hy, R)) and (Hy, Ry). What is the slope oﬂ.ﬂn
line ? Can you interpret the ratio LR 7

(3) Consider the

LH
3 following figure and usi : -
triangles prove that th B figure and using the idea of similar

€ slopes of parallel lines are equal,

Y

0 X
Fig. 7
(4) Two lines ], and /; are perpendicular (refer Fig. 8). Show
that the slope of one line is positive while the slope of the other is

negative. Using the figure 8 and results from similar triangles prove
that the product of their slopes is —1,

\J

14 Equation of a Straight Line and Applications : :
In this section few forms of the equation representing 2
straight line will be discussed.

ight li hose slope is m,
(i) Slope-intercept Form. Let a straight linc, w s
cut off an intercept OB = c along the y-axis. Let (x, ) be any point
on the line.

Scanned with CamScanner



ol ouction 0 Business Mathematica

Fig. 9

A(x, ) 20d B(o, c) are tWo points on the line.

Now,
Rise
Slop¢ = Run
y—¢ y—¢
m = X—0 = x
mx = y—¢
p—— (A)

i i fnates (x, y) of any point
This relation (A) between the co-ord :

P is called the ﬂﬁ_mow of the straight line. The co-ordinates of every
point on the line will satisfy the equation (A), whereas _._u._n co-ordi-
pates of any point not on the line will not satisfy the equation (A).

For example, y = 3x+8 is the equation of the line whose slope
is 3 and y-intercept is 8. (intercept made on the Y-axis.) The point
(1, 11) is a point on the line, for, when we putx =1 andy = 11,
the above equation is satisfied. But (2, 4) is not a point on the line.
For, LHS, = 4and RH.S. = 3x248 = 14and 4 £ 14.

Note. If the y-intercept is below the x-axis it will be a nega-
tive quantity
le., ¢ < o, if the y-intercept ¢ lies below the X-axis.

) (i7) Point-slope Form. If the line passes through a given fixed
point A(x,, y,) and has a given slope m, to find its equation.

Let P(x, y) be any pcint on the line,

Analytical Geometry ’

Referring to Fig. 10,
Y

0 I

Fig. 10
Rise
m—ﬁﬁﬁ - IWlmm
_ PM

- AM

h.h.- m == Hll;_‘-

X—xX

y=n = mx—x,) --B)

(B) gives the equation of the straight line.
(iii) Two Point Form. Supposing i is given that 2 line passes
through two points, A(x;, ) and B(xs »).

To write the equation of the straight linz.

Then the slope of the line is, L )
Xy— Xy
Let P(x, y) be any point on the line. Using result (B), we have
h—hn
H‘]H- = MHIN- AH Nuw mg

(C) gives the equation of the straight line joining two gives points
Alxy, y)) and B(x,, yi).

.3
Example 1. Find the equation of the linc whose slope 13 - and

which cuts off 3 units along OY.
Here me= Wn and ﬁ.ﬂ.*-u
Equation of the line is,
3 —
ye= .u..n+.._ using (A)

2y = Ix+6
whlu%..—..m = 0
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o Inroducton t0 Business Mathematicy
on of the line passing through the

poiot (2 = P
, the line 15, :
The equation o“ ne - - s )
? ~ Y] It L
3= hqw:ule

e s
Hv.+u_ = quk+.—c

y+11 = 0. | .
Example wk+._..“.2_ the cquation of the line passing through
" ;

(2, —3) and (=4 %) o
The equation of the line is, ”
y=(-3) = .umwimam x—2) using (O

y+dm o (x=2)

Q.-.:T; = —8x+16
8x46y+2 =0
dx43y4+1 =0
All the three equations we got above are first degree equations
in xand y. luo fact any first degree equation in x and y represents a
straight line in a plane. That is why any relationship between two
variables x and y expressed as a first degree equation in x and y is
called the linear relationship.

Example 4. As the number of u5iis manufactured |increases
fom 2000 o 3000 the total cost of production increases from
Rs. 11000 to Rs. 15000. Find the relationship between the cost (y) and
the number of units made (x), if the relationship is linear,

When  x = 2000 y = 11000
and when x = 3000 y = 15000

As the relationship between x and v is Ii
3 yis linear we have to find
the line through (2000, 11000) and (3000, 15000). °
The required relationship s,
X 11000 15000
i 20003000 (*—2000)
3 »=11,000 = 4 (x—2000)
ke da—y4+3000 = o,

yiIafrosy) In sl

ARFEL ORI o2 scunsunaunt oh !

. Example 5., Mr, Ram buys . a radio making a_ payment of Rs.
200 at the time of purchase with the agreement that he wil] pay at the
rate of Rs. 15 for the next 20 months, Find the relationship between
the amount (y) he has paid and the number of months (x) since he
bought the radio,

m_.oB the problem it is evident that when x=0, y=200. Thus
the y-intercept is 200 ie., ¢ = 200. For a unit change in x the
change in y is 15 i.e. the vertical change is 15 for a unit horizontal
change. Therefore the slope of the line is 15.

Hence the required relationship is,

Y = __U.H..i 200,
1'5.  Polut of Intersection of Two Lines
Let two lines L, and L, intersect at a point P (xy, y1) Le. (X3 YD
is & common point on the lines L;and L,, Then (x5, y;) will satisfy
both the equations representing the lines L, and L, Tn other
words x, and y, give the solution to the two equations which represent
Ly and L,. So in order to find the point of intersection of two lines,
we have to solve their equations for x and y.
Example 6. Find the point of intersection of the lines
5x+2ye 11 and x--3y = 9. _
S5x4+2y = 11 (1)
x=3y = 9 (2)
Multiplying (1) by 3, 15x46y = 33
Multiplying (2) by 2, 2x—6y =18

Adding, 17x = 5l
b o =a u
Substituting x = 3in(1),
—M+N...\ = 11
y=—2

The point of intersection is (3, —2).

Example 7. Let two cities located at (2, 1) and (8, 9) be oauno.n_..
ed by u straight road. Let a third city be at (4, 7). Find the point
on the road which should be connected to the third city so that its
distance from the road is least. (B.B.A. Sept. Gmb

Let the three cities be denoted by 4, B, C so that 4 is the point
(2,1),B(8,9ad C(4,7).

Scanned with CamScanner



- _iiﬁe_o____ to Business annaqnﬂ

he road 48 at M. Then M
rest to the city C.

v

on of the lines AB and CM ye

int of intersect AB and CM and then solye

Since M is the he (WO lines

finst mn& the QERQE

slope of the line
Equation of 4B i,

4x-3y-5=0

CM is perpendicular
. (Slope of CHM)x(

ie, (Slope of CM)X 5

Slope of 4B) = —1

Slope of CM

mnﬂu-mOH 0_ ﬁwh—m mw
— Hl#v
& H

Ix+4y—40 = 0
Now we solve (1) and (2)
Multiplying (1) by 4,
16x—12y=20 =0
Multiplying (2) by 3,
9x+12y—-120 =0
25x—140 = 0

Analytical Geometry 13

112
Fw..l I.u_v.lm = 0

29
e

5
. (28 29
.E«.mﬂwl. Iulw

Problem Set 1 (c)

(1) Find the equation of the following lines whose slopes and y
intercepts are given.

(a) slope—}, y-intercept §
(b) slope §, Jy-intercept 7
(¢) slope 3. y-intercept—3

(2) Find the equation of the line which passes through a given
point and having the given slope 4
(a) (5, 4), Slope 3. (e) (2,—3), Slope —
() (-3, 2), Slope—2. [B.B.A. Oct. 76)
(¢) (2,—5), Slope—4%
(d) (—4, —6), Slope §
(3) Find the equation of ihe line which passes through, the pair
of points given below.
(a) (2,4) and (3, 4)
(b) (=3,1) and (2, = 1)
(c) (—4, —4) and (5, 3)
(4) Find the point of intersection of the following lines

(@) x+3y =5=0 x=2y +5=0
(b) 3Ix4+4y—-13 =10 x-Ty +1 =0
(c) x+3y 420 2x —y =3 =0
(d) Ix =y -3=0 2x=5y—15=0

(5) A man has to pay Rs. 5,000 initially and then Rs. 300 for
every month for 3 years, for a small fat he has bought. Find the
relationship between the amount () he has paid and the number of
months (x) since he bought the flat, assuming the relationship to be

Jinear.
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; red units increase fro
ber of mapufactu e Wt
@ ...,__M.”n: ”W!.omcn_aa inereases from Rs. 1500 to R, 2700,
M.B m:Hn_Wnn__u:nEa_.m between the cost (¥) and:the mumber op Units
io .

i ip is lincar.
, il the relationship is 1incar: |
made HA..% _”a taxi fare () is Rs: 2 minimum  Plus 75 paise pe; -

the tquation ngn«h.i.u. the farc and the kilometreg

4

1y

metre, Wwrite
lled (x)- .
_Bﬁﬁt Two cilies are located at 4 (L uu_.u_.:.u B (9, 14). Find the
int on the road connecting 4 and B which is the nearest pojng 4,
“_on city C located at (6, 3). .
() Solve the problem (8) if
M Ais(1, 2 Bis(9,8)and Cis (2, 1)
(ii) A is (5, 0), Bis (—5, 0) and Cis (0, 100)
(tif) A'is (2,5), Bis (3, 9) and Cis (10, 0)

(10) A plant is at A with co-ordinates (0, 2). Its produce js 1a
be trucked to each of the warehouses B and C with co-ordinateg
(3, 6) and (6, 2) respectively. Find which is more economica] ; o
touch B first or to go to,C first if only available roads are betweeq
any pair of points. If there were a fourth road connecting B to the
pearest point D on the road AC, would it be still better to folloy

(11) Find the equation of the straight line which makes
intercepts aand 3@ on the co-ordinate axes and passes through

the point (3, —4).
1.6. Interpretations (B.B.A. April 1976]

(i) Cost-Output. A useful interpretation to the slope concept
may be given as follows. Let us assume that to produce Q units of
a product, C is the total
cost of production and Y|
that the relation between ;]
Cand Qis lincar. This A
relation is exhibited by a
straight line. Graphically
A4S and BT represent
the total cost when
OS and OT units are
produced  respectively.

OC represents the cost 5 T
when no (i.e., zero) unit ~Qvantity

is produced. OC is called Fig. 12

the fixed cost which exists even when there is no production.

C-Cost

Analytical’ Geometry

m..._.on_ Figure 13, M=ty co o
When OT units 4y, e
€ produced the tota] cn;
The total cost (BT) = ..&H._.&.M g TR
= Fixed Cost 4 Mp,
We aall i3 the variable Cost when OT uniys are’ prodoced

Likewise LA is the varjape cost when OS units are produced
+ - Thus

at any stage the tota] i
e cost is the sum of the fixed cost and variabje

The variable cost per unit
Variable cost

= No of units made
_ AL
~— 0§
] m
CL
= slope of the line
For straight line the slope is constant, Hence
. ; ! we conclude that
“if costs are linearly related to output the variable cost per unit is
constant and conversely.”

The change in total cost when one more unit is produced is
called the Marginal Cost. It is the change in y for a unjt change
in x and therefore it is the slope of the Jine. Thus, when the cost is
linearly related to the output the marginal cost is a constant.

. But the Average Cost, which is defined as the total cost
over the number of units produced, is not constant.Consider for example
» = 10x41000 where y represents the total cost and x the number
of units produced. Here Rs. 1000 represents the fixed cost and the
marginal cost is 10. When 10 units are produced the total cost is
Rs. 1100 and hence the average cost is Rs. 1100/10 = 110. Whea 20
units are produced the total cost is Rs. 1200 and hence the average
cost is Rs. 1200/20 = Rs. 60. This shows that the average cost is not
a constant and it declines, as production increases, as a consequence
of the spreading of the fixed cost over larger_rumber of units.

Example. The total factory cost (y) of making x E_f ofa
product is given by y = 5x+300, and 75 units are made. Find (i)

the fixed cost (ii) the variable cost (iii) the total cost (i) the vari-
able cost per unit (v) average cost per unit (vi) the marginal cost.

(i) Fixed cost is Rs. 300. : :
(fi) When x units are produced variable cost is 5x. So here the

variable cost = Rs. 5xX75 = Rs. 375.
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Rs. 675.
_ 5x75+300 = iy
o..-—w“&oﬁ_ per unit = $10P° of the line = Rs, §,
(i) The varia Total €0t = mq.mm _ Rs. 9.
0] Averagt cost =Ro, of unils g
q ine = . 5.
Th marginal €08t = slope of the lin
e
ﬂ_“: Un‘.lm and m_u_u—-_“. y
.w_vr__.i; For the Ewa”
s.u_“___mn:_.._ we us¢ linear nn:m ~
“_:.Wu for both a..._u_““_.__ n_”:n i
s, Jtis 8 I -
Mﬂﬂﬂ-ﬂ”.«_o do so in ceriain &
situatic ns.
Linear Demand an._:M_. 5 e A
pe of a deman

Usually the slo
curve is negative,
increases demand dec
as price decreaszs dema

Example. 15 radios are sold when the price is .mm. 300 ..:a.uu
radios are sold when the price is Rs. 350. What is the equation

of the demand curve assuming it 10 be lincar ?
Denote the demand by x and the price by »

that is, as price Fig. 13
reases and
nd increases (Fig. 13)-

When, xe |5 y = 400
and when x =125 y =350
Thus the demand curve is the straight line through the points
(15,400) and (25,350).
; . 400350 Y
T = L
y—400 = —5 (x—15) ¢
y—400 = —Sx475 &
Sx4y—475 = Oisthe required ]
equation.
8 _Hunlaw:ﬂu_u Curve. Usually
slope of the supply curve |
.vam:en as the price F....Bwuoa HME_“ ° i s *
increases and as the price decreases Fig. 14

supply decreases. Ref. Fig. 14,

Exa e. W . .
type are .ﬂﬂ.sn .ﬁa (he price is Rs. 50, 60 cameras of a particular
Same type are -ﬁ_ﬂ_z Wwhen the price is Rs. 80,. 140 cameras of the
¢ I the market. Determine the supply curve.

wroduction to Business Mathematics
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Let x denote the quantity supplied and y the price.
When x =60 y=2750

and when x = 140 y = 80

Thus the supply curve is the straight line through the points

(60, 50) and (140, 80).

50—80
s0—140 *—60)

Je y—50

y—50 = Iw. (x—60)
8y—400 = 3x—180
3x—8y+220 = 0 is the required equation.
Market Equilibrium, Market equilibrium is said to occur at the

point ::mnov.ﬂ which the quantity of a commodity demanded is equal
S.:uo quantity supplied. Thus the equilibrium amount and equili-
brium price correspond to the co-ordinates of the point of inter-

section of the demand and supply curves.

The equilibrium is meaningless if the point of intersection E lies

outside the I quadrant.

La

Price

.......... Equilibrium

Demand
L
(o] Quantity /x
Fig. 15
Problem Set 1 (d)
(1) If the total cost (y) of making x units is given by
y = 4x+50

and if 60 units are made. Find

(a) The fixed cost.

(b) The variable cost.

(c) The total cost.

(d) Variable cost per unit.
(¢) Average cost per unit.
(f) The marginal cost
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its is BiVSM by,
o 1 opst e of wekine; F Euun. g
%) ﬂ_m fota | Nn._‘wo nnn 50 units 8¢, Vi
L ¢), and f
.,_.M. Ec&.._:_oam @.. QS. 3_ An.? ( w A.D °
Answer i ] "
, T wnm:..n_m %m wo _8 people
oroblemmumb’ a0 n_oo:a
"o e __,n;ﬂ_mow ,m Rs. 25, 130peoP’e ¥ il Bug:; ‘Qbtain
il buy 20d ¥ en o [0 g cutvel - (¢
M_n equation of :.n. %B»H nq i pottle & company will supply 6000
4) At 2 price of R& / RS. S _una wo:_n it will supply 4000
nm.o:_a every month and at R,
35 [
squ ply ....4_29 #ian represeiit a

z__.n EEu_u. Ieurve. “Graph the

% 5 nresé
yd whict ‘can 1P " :.QE En Euus and verify it

“.mm Hwaﬂuﬁﬂuaa the'équilibrivm poiP i7 o1
...._Tuamu__w__ﬁanwui_c._v._.n_:_&__,. ads o) Dyoqeo1102 930G fouind
, Tu_w g ‘.tluw.l.u.x.- ) A__.:H.- l.lk,;—._—., sad o 1o
eil 3 ) 1gmayadai 10 3 :Julmw i & .Tlu x rh 210
(© u._.._‘_ - 3, i 55 '
@ =10 e
i tat its customers will buy 15% more of

,..2__5 outt
@2 ‘product is reduced by Rs. 5. When the

oduct if __ﬁ price of the b
W_nﬂn wm 25, the firm _u,s___nn EoPnea. Determing the demand

curve.
0 Now i qo/.m.o;_xn_n_ cases in nnamw&mn_n supply. The
various E_Ean?n_s .n.z_n: enﬁoi.. Make out a mmﬁo fo ilivatrate

¥ e

them.
(1) Constant price _.nm.:&au of %EE.E _
(2) Constant demand regardjess of price.
(3) Constant price; regardiess of nzru_w
(4) Constant supply. :a-i_nu of unon At ()
17. Break-even analysis =5 Ko™ shes
@il shiem 5 iy 0 bis

Let us assume that linear H_n__oum:% ﬂuﬁ cm_ ween the sales

revenue and expenses, Let y represent the expense.incucfed when
the salesis x. Let the relationship be, y HLE.n,.._.n BN

-ii A !

hay 139 Jeed aldsite V(W)

Let y o= oqu+_c.m33 14Q 3 s2519v /4 (3) (1)
teoa lenigigmn ol (v

BN, - ...

Analytical Geometry bounl ¥ _..‘
Lo
The slope of the line i a 07, Rs. ouo is the variable 3?3.“
per rupee of sales, for, 6:-7is the nrmumn in y n.o_.m unit change in x.
Rs. 10,800 is the fixed expense. _

The Break Even Point _w..._,ﬂ:nx,o_:au of sales at which sales
equals expenses, that is, the point at which the company experiences
neither a loss nor a profit;  Let (the ‘break-even level of sales be re-
presented by X,

Atthisstage . > 1o

000,21 .24 x =N m.‘ wf(2)
Using 2)in (1) g
e 10 o Frm ST HRIOMO i s
03 *-u = H__u 800
X, = 36,000

Thus when the revenue from sales is Rs. 36, 000 the ‘expenses is
also Rs. 36,000 (verify) and the company has neither profit nor loss.
In mgnﬂ_ if the relation is y = mx+¢, then En break-even

level X, will be m:&: by
_R. = akﬁl*lﬂ \
k.. :i:& .IA.
w e ._ 3

e B | 3

51

: _u.. N
s . Tu& Expenses
Break-even sales = 7 —Varjable expense. per Ennn of sale$
€s EE when -its sales is Rs.
occ for a fixed expense of

What' ; the _x.amn when the

/ .

Example. A company estimat
60,000, its variable expense will be Rs. 30,
Rs. 10,000. Find the Enmw.aﬁn point.
sales is Rs. 50,000 ?

The variable nuvunmn per Evao of un_nm

A Gonos  nooost _ 0 M

= 50,000
Now the slope of the line* qnﬂunwﬂ:_:m the relation between the

353 and expenses (¥):is Q3ue o2loe i v =il wil) 2ineerna D)

§ 2 0-5x+10, 000:
*?ﬂ ﬂnﬂ:q—.ﬂ& HLP*_Q\: :_ seoflw b ann Lol A1 O9W
JouniL the break-eyen| un.._.& pr=% o= Xy ognids st 7.
k‘._ﬂ_cm\ﬂ\-ThOg_:_ el
05 X, = 10,000 _ _ .
(8- X, = 20,000
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’ ly when the company’s sales exceed
n
This shows B8 T for the comPan”
Rs. 20,000 there will be p 0
les is Rs. 50, "’
When the §3 or 0,000
y = o.mx%.%eipo%
= NM'QOO..T—O-%
- 35,000
profit = Revenué (rom Sales—Expenses
= RS. mc_coolwu. 35,000
= 15,000. -
The following chart gives a clear—cut ided of the situation.
¥
40,000
A
Os
30,000 “ .
§ /0. 1
: o
-
: |
20000 -+ - ===== =~ - “
|
I
|
A I
] (% m “
Eoom " “ “
P “ _
) (] |
I I ;
; _ "
1 1 .— 4
0 M10,000 20 000 30000N ro._mco X
Sales
Fig. 16
CB represents the line relating sales and expease viz. the line,
y = 05 x+10,000 )

Now we take the line 04 whose slope is 1, that is, for a unit
n__m_.-m i x the change in y is one unit. The line passes through
the origin. Its equation will be,

e w(2)

e

Analytical Geometry 2

For ony ._uomE on liue (2), the x and y co-ordinates will be equal
Suppose this line were to describe the state of affairs of the 85?:;.
i:mﬂ we conclude is that the sales revenue and expenses are aacm_”
This will mean that the company works on no profit and no loss.
Usually such a thing never happens in reality.

Let m be the point of intersection of the lines (1) and (2). Then
the co-ordinates of £ which are equal wlll give the break-cven point.

Let P and P be corresponding points on the lines (1) and (2)
to the left of E.

Then P is (OM, MP) and P is (OM, MP")

Since P’ lics on the line y = x we get OM = MP’

But MP < MP

OM < MP
ie. the revenue from sales is less than the expenscs.

. The company is working on loss.
Let O, m\ be two corresponding points on the lines (1) and (2)
to the right of E.

Then Q is (ON, NQ) and @ is (ON, NQY)

Since @.. lies on the line y = x we have ON = ZQ

Now zmﬂ > NQ

7 ON > NQ

jie. the revenue from sales is greater than the expenses.
the company is working on profit.
So it is clear that a company should take steps to increase the
sales beyond the break-even level of sales to realise profit.
Problem Set 1 (¢)
(1) A company expects fixed costs to be Rs. 30,000 and variable
cost to be Rs, 42,000 when the sales will be Rs. 60,000
(a) Write down the equation relating sales and expenses,
(b) Find the break-even point.
(¢) What will be the profit whe
(d) Draw the break-even chart.
(2) A company expects fixed costs of Rs. 37,500 and variable
cost of Rs. 50,000 on sales of Rs. 80,000.
(a) Write down the equation re
(b) Find the break-cven point.

Therefore,

a the sales is Rs. 1,20,000

Jating the cost and sales.
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"A..
(4, 4).

the above result, (B) we have

The vertex is
Alternatively, using
xm=7g " 2x%
y="""da
-, The vertex is (4, 4)-
Applications. We have cons'i
and demand curves were straight Iin

demand and supply curves are parabolas.

Example. The demand and supply curves are given by
y = 10—3x* and y = 44 xt-2x
tity). Find the equilibrium

dered the case when supply curve
es. We take the casc when the

(y represents the price and x the quan

price and quantity.
Demand curve, ) = 10—3x? eo(1)
Supply curve, Yy = 44x*4+2x «..(2)

At the equilibrium level the price for supply and demand are
equal. Equating (1) and (2),
10—3x* = 44x*42x
4x042x—6=0
24 x-3=0
- v TZ4(2)(-3)
2x12
B (Refer D (2) Appendix I)
e J25 .
=

S EY
sl

-lnr—.;.

3
W oy is inadmissible.
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| Substituting x = lin (1) we get y = 7. Then at the equili-
brium level the quantity supplied and demanded is 1 unit and the
price is 7 units. |

Problem Set I ( f)
(I) Find the vertex of the following parabolas :
(i) y=x*—5
(i) y = —2x2410
(ii)) y = x*—2x46
() y= —x4+6x—7
(V) y=3x2—12x+5 |
(2) Find the equilibrium price and quantity for the following :
(i) Supply curve; y = x245x+1
Demand curve ; y = 9—2x?
(i) Supply curve ; y = 8x+7
Demand curve ; y = 27—Xx?
(iii) Supply curve ; 4y = X242x+3
Demand curve ; y = —2x+20
(3) Plot the graph of the quadratic function

y = 3x2+4x+3
[B.B.A. Sept. 73]
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Sets, Relations and Functions

21. Basic Concepts.

A collection of objects is called a Set.
Examples

() .H.m.n board of directors of a company.
(f) All equipment in a firm
(7fi) Consumers of a product
(iv) Employees in a firm

(v) All even numbers,

bl Given an object we should be able to say whether the object
oum.m 3. the set or .H_o_. In listing the objects belonging to a set
no object is repeated in the listing after it has been recorded once.

The st of price quotations of a common stock during one day is
observed as follows :

. Rs. 11.00, Rs. 11.50, Rs. 12.50, Rs. 13.80, Rs. 11.00, Rs. 12.50
1S a set not represented by. six numbers but by four distinct numbers,

11.00, 11.50. 12.50, 13.80.

An object which belongs to or is a member of a set is called
an Element of the set. Capital letters arc used to denote sets
while small letters are used to denote the elements of the set, unless
otherwise stated. If x is an element ofa set P it is symbolically
represented by “x € P” where ‘€’ stands for. the words “belongs

to" . g denotes ““does not belong to”. If y isnot an element of
a set P then we write y & P.

A set is designated either by listing all the elements within
braces { } or by giving the property which the elements should satisfy
to belong to the set.

26

Sets, Relations and Functlons a7

Lxample 1. The set of all odd numbers less than 7, denoted
by P, can be given either as
P={l,35
by listing all the numbers satisfying the condition, or as,
P = {x:x is an odd number less than 7}
stands for “such that™. Sometimes a bar : is used to denote:such that”

{x: x is an odd number less than 7} is read as the collection or
set of all elements x such that x is an odd number less than 7,

Example 2. Suppose Messrs. Ramesh, Bapu, John, Gafoor, Sekar
constitute :E_ Board of directors of Southern Transport company.
They form. a set A which we write as,

A = {Mr. Ramesh, Mr. Bapu, Mr. John, Mr. Gafoor, Mr. Sekar}.
or A = {x: xis a director of the Southern transport company},

The latter representation is very convenient when the set has
many elements. For example if we take the set of all men in-Madras
city who use Star toothpaste, it will be quite unwicldy to write the
names of all the persons within the braces. Whereas we can very
briefly write the set as,

§ = {x: x isa person living in Madras city who uses Star Tooth paste}

A set having finitc number of clements is called a Finite
Set. A sct which is not finite is called an Infinite Set. Examples
(i), (@), (iii), (iv) are finite sets, while (v) serves as an example for
an infinite set.

A sct which has no clements is called an Empty Set or Null
Set or Void Set and is denoted by ¢. Some authors use “O" to
denote a null set.

Suppose in Oriental Mills Ltd., the pay scale of senior execu-
tives is Rs. 2,000-200-3,000-300-4,500. If we define a set P as
follows,

P = {x:xisa senior executive In Oriental Mills limited

drawing Rs. 1,900 p.m.}
This set will not have any element and therefore is a null set. Thus,
{x: x is a senior executive in Oriental Mills Ltd. drawing
Rs. 1,900 p.m.} = ¢
In any analysis of a particular situation the fixed S:nn.mon of
all elements necded for the analysis is defined as the Universal
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Set denoted by C (or _:.
referring to the universa sct. -
Suppose we want to study about 2 problem connected

: llection of
certain number of workers of an industry- ._._s__,.._wﬂmnm_mwﬁ_n
all workers in the industry will naturally be the Ul .

2:2 Subset
Definition. A is said to be a Subse

clement of A is also an clement of B.

If A is a subset of B, we say A is cont
it symbolically as 4 C B. "C'" stands for the wo
or “is a subsct of".

Example. (i) Let 1 be the set of integers an
even numbers. Then E C /.

(if) The set of all consumers of a _u_,.on
subset of all consumers of the product in India.
Set Equality

Two sets A and B are said to be equal if A4 has the same
elements as in B and vice versa. That is, two sets A and B are said
to be cqual if and only if 4 C B and B C 4. Consider the sets

A=1{,23 4 and B= (1,235}
A = B and neither A C B nor BC A.

Note : (i) If two sets are uncqual one set may or may not be the
subset of the other

(f) A set is trivially a subset of itself.

(iif) ¢ is a subsct of any set.

Number of Subsets of a given finite set. Now let us examine
the number of subsets which can be formed out of a given finite set
having n elements.

Consider first the set having no element. Only one subset can
be formed namely ¢ which is the same as the original set.

Then 8 particular sel IS specified by

¢ of the set B if every

ained in B and write
. [
rds ..ﬂn__.:m_an& m

d E the set of

uct in Bombay is 2

Now we take a set containing only one element, say, a i.e. {a}.
Two subsets are possible, the null set and the one element set,
ie. ¢, {a}
Thus the number of subsets that can be formed from a set containing
one element is 2 = 2’,

Consider a set with two elements, sa
, say, the set {a, b}. The
subsets are, ¢, {a}, {8}, {a, b}. The number of such subsets is 4=22,

[’

Sets, Relations and Functions 29

- Let {a, b, c} be a set with three elements a, b and ¢. The subsets

¢ {a}, [b), {c}, {a. b}, {b, ¢} ¢, a}, {a, b, ¢
The number of subsets is § = 22 iF et :
Proceeding like this, by induction, we get the result that,
“A set with n elements has 2, subsets”. This includes the null
set and the given set,

Problem Set 2 (a)
(1) Find all subsets of the set A where 4 = {a, b, c, d, e}
_ (2) Find the total number of (i) two element subscts (if) three
element subsets of the set {z, y, z, w, [}

(3) Let a set A have 15 members. Find the total number of
subsets having at least two members which can be formed out of A.
(M.B.A. 1973)

(4) Find the total number of subsets of the set {1, 2,3 4, 5
which contain

(i) odd number of elements
(if) even number of elements
(iii) odd numbers only
(iv) even numbers only

(5) Consider the set E of all employees in a firm and the
subset of persons described by the following definition : two persons
x, y € E are in the same subset if they do the same type of job. What
can you say about the different subsets thus formed.

(6) If subscts are formed out of A4 in problem (5) by defining
that any two persons, x, y € £are in the same subset if they get the
same salary. What can you say about the diflerent subsets thus
formed ?

(7) A company's research budget is Rs. 60,000. It is con-
sidering the allocation of this budget to four research projects with
the lollowing requirements for cach :

Project Requirement
1 15,000
2 25,000
.3 35.000
4 10,000

Find the total costs of the 16 possible subsets of projects and

select the subsets that do not exceed in cost the planned budget.
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=3 We say that such a

- 12 i o vote alone. _

- s single member whose

v plock the BSEFR,..M“% ._as.nr There waﬁﬂn“ he is a member
_._..—ﬂn-w-ﬁn —._Hm M” _—HNn Dau. S___—.::.UM ﬁDN_——_ﬁ._”.u m_.__n—._ a aﬂacnh mm ﬂm_.__._nﬂ.

fjuence is such B w

H,h_:“:: be a winning coalitio
Jess member. A1 s

w_. ?HMNH. if {x) is @ winning Su::.o”.

; nan_ only if {x} is @ blocking coalition-

= Problem Set 2 (b)

1, Find the winning, losing and bloc

Security Council of the U.N.O. . N
2. Prove thatany [wo minimal winning

(wo members in nc:_a.oz. . bas a di

3. Prove that if a commitlce
remaining members arc powerless.

4. A company has issued 10,000 sh
cach share has one vote. How many shares must a

(i) to be a dictator

(i) to have a velo . .

(fii) to be a dictator or lo have a veto if the company requires
two-thirds majorily to carry an issue.

5. Let the universal set be U = {a, b, ¢, d), where a pnn_.w
have each one vote, ¢ has two votes and d three votes. Suppose that it
takes S votes to carry a measure. List the winning, loosing and
blocking coalitions.

6. Find the setof all sub-setsof Uy where U = {1, 2, 3,4, 5, 6}.

7. A factory committee consists of two management members
and two union members. For a proposal to be passed on from the
committce to the stock-holders for consideration, a simple majority
of the members must vote for the proposal. Each member has one
yote,

mber X is @ dictator
x has veto power

king coalitions in the
coalitions have atleast
ctator as a member the

ares of common stock and
person have

(@) How would you describe in set terms a group that could
veto any proposal brought before it 2 How many such
groups are therein the present situation ?

(b) If one member has the power to veto any dccision by his
no vole, list or define in set terms the groups that could
veto a proposal.  How many groups would there be ?

24, Operations On Sets—Applications

We have seen th
| al one way of generati
| 3 a3 g INg new
_ clements of a given universal v sets from the

set is by subset forming. There is

Se——

Sets, Relatlons and Functions 33

n.:o_woa way om.ﬁoqamam new sets from piven scts using certain opera-
tions on sets, which will be given here.

There is a way of visualising set operations and performing
calculations with sets by means of a diagram. A rectangle is used to
represent the universal set U, All the members of the universal set
will be represented by points in it. A circle inside the rectangle will
represent a set which is got from U, the members of the set being
the points inside the circle. To every sub-set of U we can associate
a circle. Such a diagram is called the Venn Diagram (refer figure 1).

u

[/

Fig. 1

Union. Let 4 and B be any two sets. The union of 4 and B,
denoted by AUB, is the set of all elements which are members of
cither 4 or B or both.

ie., AUB ={x:x € Aorx € Borx € both 4 and B}
The shaded area in figure 2 represents Ay B.

=
VS
S—

AUB
Fig. 2

h-.«nahmnh . ﬁ_.u_ A= MH. .u_. mT B = ﬁ#- uu.- ;&Chwlﬁma 4- m_- &. uw
(i) 4 = (2,9, 10}, B = {9, 10, }, —5}
iCh = .n.N. Ou .—O- w. IMW
(ili) A = {x, 7}, B = {3}
.-AC.W b ﬂ&- .__..u = A
Notice that 8 C 4. Infact, AUB = AifBC A
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....H. An Introdu
i h
m " i) A= (Krishnan, prasad, s uomnw w
e_.“w P nmn& m:—:r >T=un&_ Ganes v
B= f-. " prasad, Sunil, Joseph, Ahmed,
AuB = (Krishnat, Ganesh)
| —A
_ Facts (i) Forany set 4, AU4 4
(i) AU U= Uand kCc_w.L. s
(Verily these using Venn Diagratiy : .
. Let A and Bbeany two sets. Then the _Enq.mnn ion
H.._n._an.m__m_“.aana by A (1 B, is the sct of all elements which are
of 4 and 5,
d 5.
meme oﬂﬂ_w wuwa..q cAandx € B). A Bgives the collec.
tion hm. _.L._ clements commeon (0 both A and B. The shaded area in
figure 3 represents AN B
u
ANB
_ Fig. 3
__ In some books A N Bis denoted by AB. The intersection of
_ Aand B, is also called the product of A and B.
Examples: (i) A={1,7,3},B=1{2,35}
ANnB={3
(iiy A = {Krishnan, Suresh, Goel, Pratap}
B = {Suresh, Mukerjee, Balbir, Goel, Peter})
A N B = {Suresh, Goel}
(iif) A = {1, 3, =5, 8} B = {6,717 —2,—3)
ANB=%
Two non-empty sets A and B are called disjoint if A N B = ¢,
Facts: () ANA=Aand AN U= 4
(i) IFTBC A, thendA N B= 8
(i) AN ¢ = ¢
of A denote i
U which do not belong to . y A" is the set of all elements of
e A'={x:x € Uand x @ 4)
—————

Sets, Relatlons and Functions 15

The shaded portion in figure 4 represents A”.

b‘
Fig. 4
Some authors use 4 or ~ A to denote the complement.
Examples: () U={1,2,3,4,5,6,7,8,9, 10}
A=1{3352910
.,H.?u: A'={1,2,4,6,7,8)
) (ii) Let N be the set of all positive integers and E, the set of all
positive even numbers. Then E’ is the set of all positive odd numbers.

(fif) Let U = {x: x is an administrative officer in &
firm}
and A = {Mr.Om Prakash, Mr. Raman, Mr.
Reddy)
and AgC U
Then A’ = {x: xc U but x is not Mr. Om Prakash,
Mr. Raman and Mr. Reddy}
(iv) If U = {x: x is a manufacturing company regis-
tered in Tamil Nadu}
and A= {xx is a manufacturing company

registered in Tamil Nadu producing
items for export}

then A = {x:x is a manufacturing company
registered in Tamil Nadu producing
items ‘for home consumption only}

Note that,

| AudL =0, ANA =4¢ (4)y =4

De Morgan's Laws :
Verify that, )
() (AuB'=4'n¥E
(i) (AN B)Y = AUB wing Venn diagram.
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; ify that . !
(i) To verify T::_E. =8

—~~———1 Using figures §
(c) and 5 (d)

—

AND
Fig. 5(¢)
Comparing 5(¢) with 5(b) result (1) follows
(i) (A N By = A'UB’ can be verified in the same way.

(i) and (if) arc called De Morgan’s Laws. These can be exten-
ded to any number of sets.
Set Difference. Let A and B be any two sets (subset of some

universal set U). The difference
A—B, of twosets 4 and B is the set

whose elements are those elements U

in A which are notin B i.e., A—B=
{xx € Aand xgb). A—Bisread
as A minus B or A difference B.
A—B 'is also known as the relative
complement of B in A. The shaded
portion in figure 6 represents A— B,

Sets, Relations and Functions kY
Example : Let U= (1,2,3,4) A = (1,2,3)2nd B = (2,3, 4)
Then A=B = {l}and B-A = (4)

Now, AUB =11,2,3, 4 and Ay B ~ 12, 3)

Then (AUB)—(4 N B) = {1, 4} 1)
ANB ={l}=A-B

._,.w_m result, A—B = A N B is always true), "

Similarly B-A=8n A w =

Now (4—B)y (B—4) ={1.4) i)

Comparing (1) and (3) we get,

(A=B) U (B—A4) = (AUB)—(4 N B)
Using the results (2) and (3) we get,

(A—B) U (B—A) = (AN B)U(B N A)

Defivition, The  symmetric

difference of two scts A and B, U
denoted by 4 A B is defined as o
(AU B)-(4AnN B)
The set (A—B) U (B-A)

is clearly the symmetric diffe-

rence of the sets A and B. The AAB
shaded area in figure 7 represents Fig. 7
A A B
Laws of set operations
Union Intersection -
1. (a) Ay¢=4 BANU=A4
2. (a) AUB = Bu4 BANnB=BNnA
3, (a) AU (BNC) = (4UB) UC (hHANn(B H M.u A e B
a.ﬁnkaAmDQHQCE AELDAMCD
NnAUC HT_DSCT_DQ
5. (a) AuU=1U by ANé=¢ .
6. (a) Aud =4 by AnNA=4
Complementation
1. (@) Ay A'=U hANnA = ¢
8. (a) Ay =4

R e I R WSS =
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An Introdu
” .y o@AnB=4UF
9. (a) (AuBy =40 o g U
10. () 7ot .
Set Difference :
A-B=ANF
11
12 ApB=(A-BUE-4
. JA\_DECQ_DE
= RCmTQ N B) .
An Important Note : The operations U and O are” logically
nim .

i “and” ively.
cquivalent to or” (inclusive or) and “and respectively

EXAMPLES :

rvey people are to be classified
eites, pipes, cigars of do not
s who smoke cigarettes,
ns who belong to

Example 1. Ina market sur
according to whether they smoke cigar
smoke at all. Let 4, B, C be the set of person
pipes and cigars respectively. Describe the perso

the following sets.
(@ AnB (k) ANC ©BNncC
(d) AUBUC @AnBNC (f) ANBENC
A UBUC (AN BUC) HANENC)
NAu (BN C) .

(a) Since AN B = {x: x € A and B}, 4 N Bis the set of all
persons who smoke both cigarettes and pipes.

(b) , (c) Similar to (a)

(d) AUBUC is the set of all persons who smoke cigarettes, or
pipes or cigars or any two of them or all the three ie., the set of
all persons who smoke at lcast one brand.

() AN B Cis theset ofall persons who belong to the
sets 4, B and C, and, therefore the set represents the set of persons
who smoke all the three ie., cigarettes, pipes and cigars.

hadnEnc
By De Morgan's Law,
nhcm_(_ﬁ.uu" ANg nce

Sats, Relatlons and Functions 39

ﬁ ‘L. D‘mu N C'is the complement of theset A U By C ie.,
ANB N ﬁ. is the set of all persons who do not belong 1o
AU By C ie, the set of all persons who do not smoke.

(8) 4"y B’ U C s the set of all persons who do not belong to
all the three scts 4, B, C i.e., the set of persons who do not smoke
all the three varicties. This is the set of persons who do not smoke
at all or who smoke any one only or two at the most i.e., the set of
all persons who smoke at the most two of the three vi. cigareltes,
pipes and cigars.

MHAn®BuC)

We know that,

ANB'UC)=(ANB)YUMMNC)

Using 4(b) of laws of set operations.

Consider the figures given below.

ANB ANC {ANB) U [ANC)
(a) (b (©)
; Fig. 8
SoA N (B U C')is the set of all persons who smoke cigarette
and pipe but no cigar, cigarette and cigar but no pipe or cigarette
alone,
NANBNC):

An(8ne)
Fig. 9
The set of all persons who smoke cigarette and pipe but not
cigar.
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Thus 4 U (B 1 C) represents the set of all persons who smoy

cigarette Of pipe, with no cigar. . .
Example 2. A SOPF' s _En_.s_....i& 100 persons on their
attitudes concerning a product they have introduced. Their i
are as indicated below.
Liked Indifferent Disliked

Single males 10 5 5
Single Females 20 5 5
Married males 5 5 15
Married Females 10 5 10

Notation : §, set of single persons, M, males, F, females :J
persons  who liked ; 1, persons, who were indifferent and D
persons who disliked. >

{a) Find the number of people in each of the following sets

() S, M, F (i) L, T, D

(i) Sn L, ™MSAFAD

OESAMAD (i) D

O Lu1 iy SA M D’
and () I'y D s Sl

(b) Verify Aﬁ (s % Luhl=n((SNLyy(E NI
uyn
e, MU FEN L) =nMy F) (M U L)

Il . u
. For ay M»q“nﬁu 2 notation, which will be followed through-
. M(4) represents the number of elements in the

i

Sets, Relatlons and Functions

(1) n(S) = 50, n(M) = 45,
(ii) n(L) =45, n(l) = 20,
(iiiy S N L represents the

41

n(F) = 5§
n(l) «= 35.
set of perions who are single and

liked the product -, n(S N L) = 30.
(" SN Fn D represents the set of persons who are single
females who disliked . n(SN Fn D)=5.
(") (SN M N D) is the set of all persons who are mot single
males who disliked ‘. n(S N M N Dy = 95.
(vi) D’ is the st of persons who do not disliks ., m(D") = 65.
(viiy LU I is the set of all persons who cither like or are
indifferent i.e., the set of all persons who do not dislike.
. nLuT) =65 by (¥i)
iy § N M N D" is the set of all single males who do not
dislike . n(SNMND)=15
(ix) Tu D is the set of all persons who are either indiffereat
or who'dislike.
n(l U D) = 55.
() (i) S N (L U I)is the set of all single persons who cither
like or are indifferent.
nSN(Lul)=40
n(SNL)y=30 from (i) of (a)

S N Iis the set of all single persons who are indifferent
son(S N =10
(SN L) U (S N 1) istheset of all single persons who like or
the set of all single persons who are indifferent.
SN DU NN =304+10=0=nSn LU

()yn(FAL)=30 naM)=45 . aMUFAL)=T5
. n(My F)=100

M U Lis the sct of all persons who are males or the set of
all persons who liked.
Note that there are 15 persons who are both males and who
likedie, M NL# ¢
nMNL=15
: (M U L) =9%0-15=1T5.

Hence n(M U (FN L) =75=n((MU Fyn (MU L)
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An Introduction to Business Mathematies

Fig. 12

Fig. 11.

to Fig. 11 for 4 U B, w .
the elements 10
bset of both A and B.

4+n(B)-n(4 N B) (1)

i ¢ see that when we add n(A)
uaﬁﬂ“_.nhhmma B) ie 4 A B had been counted
an » B/ by
twice, since A N 8 is the su
ndu B)= n(d)
Suppase 4 and Bare disjoint sels.
Then AN B=¢ and ndnB)=0
and the above result becomes, .
n(d U B) = n(A)+n(B) Refer to Fig. 12

(2) n(4 U B U C) =n(A)+n(B)+n (C)—n(4 O B)—nA N O
—n(BNC)+n(4 N BN C).
This may be proved by the repeated application of result (1)
given above.
A U (B UO)] = n((A)+n(B U C)—n(d N (BU C)
using (1
= n(A)+n(B)+n(C)-n(B N C)
—n((AN B)U (AN C)
by result (1) and law 4(b) of set operations
n(A)+n(B)+n(C)—n(B N C)
—{n(4 N B)+n(4 N CO)—n((4 N By n(4N O)}
by result (1)
= n(A)+n(B)+n(C)—n(B N C)—n(d N B)
~nANC)+n(4 N BNC)
(v AN A=A
Note. Th ;
¢ e truth of (2) can be verified by noticing the fact

—.g— we U_m_f_ﬂ “over s
ubtracted” th
A ity | cmmonoalie

WS

Sets, Relatlons and Functions 43

n(A) 4-n(B)+n(C)~n(A () By~
alone forn(d U B U C). ( )=m(A N C)y—n(B N C)

Fig- 13.
A N B N Cis the shaded portion

Example 3. A market research group conducted a survey of
1000 consumers and reported that 730 consumers liked product A
and 455 consumers liked product 8. What is the least number that
must have liked both products assuming that there may be consummers
of products different from A and B.

Let A represent the set of all consumers of the product 4 and
B the set of all consumers of the productof B. AN B gives the set
of consumers who use both 4 and B.

We have,

n(A U B) = n(d)+n(B)—n(4 N B)

s nd N B) = n(d)+n(B)—n(4 U B)

= 7304455—n(4 U B)
= 1185-n(4 U B).

When n(d U B) is maximum, n(4 N B) will be minimum. If
all the consumers liked A or B, n(4 U B) will be 1000 and this is
the greatest value possible for n(4 U B).

- The least value of n(d N B) = 1185—1000=185

Thus 185 is the least number of people who liked both the pro-

ducts A and B.

Example 4+ In a survey concerning the smoking habits of
consumers it was found that, 539, smoke cigarette 4, 50%, smoke B.
429, smoke C, 289, smoke A and B, 20°, smoke 4 and C, 129
smoke B and C and 109, smoke all the three cigarettes.

(i) What percentage do not smoke ?

(ii) What percentage smoke exactly two brands of cigareties 7
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Introduction to Business Mathematic,
An

set of all perso
ent Emu TuBU C is

ns who smoke the
the set of all per.
brands or all the
i 0 . | people who
¢ either 4 Of + will give the set of al p
fore (A U ﬂ%;w or all the three brands i.e. the set
one ora
pot smoke.

Let A, B, C repres )
brands 4, B, C respective w.moqn“ or any (WO

sons who smok
brands. There
do not smoke any

of people who do
Now, AU BU 0)
—n(d N
_ 55450442
=97 -
nAuUBUO+AU mcm:un
n(AduBUQ)}= 100-n4 U BUC)
= 100-97
=13

—n(A N B)
~n(4 +=H3+=AD n(
_%w__hw nOnAnBN0)
28—20—12410

3%, do not smoke.

(iANBNC is the set of persons who sm
but not C.

AN BN Cisthe set of persons who s
brands A, B, C.

The above sets are disjoint and their union is 4 N B. (Refer
Fig. 14.)

oke A and B

moke all the three

AnBNC’ ANBNC . ANB
(a) ®) ©)
Fig. 14

nMANBNC)4n(dN BN C)=n(dn B)
nANBNCYL10 =28
nANBNC)=18
Similarly n(A 0 C A B) = 20—-10 =10
and nBncn A)=12—-10=2

v The required number — 13 +104+2 =30

I

Sets; Relations and Functions 43

. The same fact can be casily seen by drawing the following
diagram.

Fig. 15

Example 5. A company study of the product preferences of
10,000 consumers reported that each of the products 4, B, C was
liked by 5, 015; 3, 465;4, 827 respectively and zll the products
were liked by 500 people, products A and B were liked by 1000, pro-
ducts 4 and C were liked by 850 and products B and C were liked
by 1,420. Prove that the study results are not correct. It was found
that an error was made in recording the number of consumers liking
the products 4 and C. What is the value of this number ?

Let 4, B, C denote the set of people who like products 4, B, C
respectively.

The given data means

n(d) = 5015 n(A N B)=1000 n(dN BN C) =500

n(B) = 3465 n(ANC)= 850 n(4 U B U C) = 10000

n(C) = 4827 n(B N C) = 1420

We also know that,

n(A U B U C) = n(d)+n(B)+n(C)—n(4A N B)—n(4 N O)
—n(BNC)4n(4 N BNO) (1)

= 5,0154-3,465+ 4,827-1000—850
—1,4204500

lLe, nAUBUC) = 10,537 = 10,000

This shows that there is an error.

According to the- problem there isan error in recording the
pumber n(4 N C). Now let us find the correct value of n(4 N C).
Ignoring the given value of n(A N C) and using the result (1)

10,000 = 5,01543,465 + 4,827—1,000—1420—n(4 N C)+500
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13,807—2420—n(4 N C)

nAnC) = 11,387—10,000
= 1,387
Problem Set 2 (€)
1) Find A U Bif
AMW..HA\_VH 2,45 B= 4,712, 13,0}
@ A={abe B={®D z}
(i) A = (5,6,7,8), 8= {6, ,x
(iv) A = {Jones, Mohammed, Krishnan}
B = {Krishnan, Paul, Sultan}
(1) A = {x: xis aneven number}
B =(y:yisanodd number}
(v) A={x:xisa rational number}
B = {y:yis an integer}
(vii) A = {x: xisa consumer of a product P}
B = {x: x isa consumer of a product O}
(2) (@) Find 4 U B U Cif
() Ad=1{1,23,8={23 =50
and C = (-5 1 l0g2 1T}
() A is the set of positive integers
B is the set of negative integers and
C is the set of all rational numbers
() (1) Find A n B for the scts A and B given in (i) through
(vii) of problem I (a). ()
(2) Find AN BN C forthe sets A, B and C given in (i) and
(7)) of problem I (a) (2).
: o..w __Mr:.“_wu universal set U= {0, 1, 2, 3, 4, 5} find the comp-
plement of 4 when
(i) A =(0,1,3)

—

.

(i) A =1{0,1,2,3,4)

(i) A=¢ - () A=1{0,1,2,3,4,5
~ (2) What is the complement of the sct of integers when the
universal set is the set of all real numbers, !

: (3) What h.,v, the complement of the set of all male employees
inafirm? H:a_cnan_ sctis the set of all employees in the firm.)
(4) What is the complement of all skilled labourers in an ih-

@ES_. taking the universal sct as the set of all labourers in the
industry.

Sets, Relations and Funceions

) If ol
x={0,1,2,34,5 anq

. i Lo Bl B (R A=1 | — b

f_‘ﬂaH—.u_. _Ur._..‘ ?acqhmz s 1 aws, ﬁ.w —.:a:.__w e .M_” u. m__ B e ...D. u_ u. 4.

(AN By UB AUuB.AnFad

(d) (1) Find A—p a

nd 5 -
problem I (a) (1), Afor the sets £ and g z

iven in the

(2) Find A2 B for the same

sel 4 and B given in | (@) (1)
IL (1) In a market

survey people are to be classified whethe
uﬁw _.Mn the product of type I or type Il or type Il or pope. Let
_ 3, vn.En set of people who use the types I, Il and 11 respective-
¥. Describe the persons who belong to the following sets

(@ AUuBycC G4 UBUC () 4B

(d) AC (e) BC (/) ABC
(8) AB"uU C) (h) (4B)yu C” () ABC
€j) ABC (k) A U (BC") where 4B dsnotes A N B

(2) A survey reports that 789, of those interviewed were
married, 46% were married men, 12% were married women
with no children and 307, were married women with children. Is
the report correct ?

(3) In a market survey a manufactuer obtained the following

data.
Did you use our Percentage
brand? answering yes
1, April & .m 59
2. May WW“ a 62
3. June n M|w|||"W 62
. s2=9%. 3
4. April and May > ”m @
5. May and Junc = 0 33
6. April and June 3
7. April, May and June 22

1s this correct 7 . .
(4) Draw the Venn diagram for ,==..., ?:ss.:..w ,_”E_ ouwo _e_u\
example 4. Assuming that every student in :_a n_u,,m.u takes
the courses find the total number of students in the class.

L
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Matrices

81. Bgic Concepts
Suppose a company owns three factories 4, B, C which produce |
two products £ and Q. _ |
A produces 4 units of P and 5 units of Q;

B produces 7 units of P and 6 units of Q;
C produces 9 units of P and zero unit of Q. i

The above information can be expressed in the form,
Factories

A B C

P 4 7 9
Product
Q 5 6 0

Each row represents the number of units of a particular product
produced by the three different factories and each column ' represents
the number of units of different products by a particular factory.

The rectangular arrangement of numbers,

4 7 9

5 6 0
1s called a matrix. The above matrix has 2 rows and 3 columns; and
1hf{refore it is called a 2x 3 (read as 2 by 3) matrix. The first number
2 (in 2x 3) indicates the number of rows and the second number 3

(in 2x 3) indicates the number of columns. Let “a” represent the
number of units of a product produged by onc of the three factories.

243
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An __._nﬁr._itn:na to Business Eﬂnmxﬂ._o:
Q

t
b0 can be used tO denote “—H—u_ﬂ—uu_. a_,ﬂ”rn _uwon_..o—
otation it For K “a denote
le suffix roduces ) the 3¢ ¢
wu the factory __._-__,n_u._.. _._E%n_c_:c%nn._ by the 3rd _,.,.n_oG C
fthe =
f units ©
gomber ©
120 , =9
m_n__“.q_? p an = 7 i
s and on = ¢ :
) denotes the number belonging to the ith rgy, -
In ﬁana_, y irix, and au; 18 called the address of an clemen
the f ool " n._“. :._wn the value 1, 2 and j the values |, 2,3,
case i
In the aboY¢
y 6 9
1 bﬁa_uﬁﬂm &. L9 56,0 in
. JJar arrangement of six : two
jsa rectang If the rectangu ar arrangement hag ,,

rows and three columns
rows and 7 columns thep !

Defisition. A rectangule

called a matrix of

t contains mn elements.

¢ arrangement of numbers in m roys
order mxn. According to gy,

p columas i
HEE any mxn mmatrix can be taken as,
_\ ay an dyy din |_
gy Gu s Gyn

amn J

Oa; Oy Oma v ;
Heteafter we use capital letters A, BC,...to denote matrices.
Example 1.
3 =2 .
@ ' is a 2 X 3 matrix.
2 -3 11
® T 9 4
6 2 is a 3 x 2 matrix.
-5 0

Matrices
7
@ 176 5 1) s ian | s
ﬂmb ﬁl ﬂ \&—..u.buh._
'
ﬁ ~2 :::.ur.:

Example 2, [q

. : € _.c__n—.-c:u

—xu_am A, B, C,Dare COnSidereq mman__:_mzs the Jie
arrow head Tepresents the direcy;, ines of
of communication, o

3 Ctpectiag
C.aﬂrann..b‘}u -
= i the

From B one can o

A: but not in the reverse direction
Taking .mm_,a C it isa _i?imw,
communication. Now we translae

the above problem into ¢}, /
nio the matrix E
*_.DHH_.._. ﬂ\\\\‘\l\.f

ag = 1if the communicafion
is from the i** station to (e i i
station. .

peak o

i = 0 if the communicatjo,

is not possible, 0 from the j+

SI8tion to the joa g0y,
We assume that there ;
! € 1SN0 communica(
itselfl  ie. ay =0 i i Qtion from a seation 1o

Then we get,

o N
e~

A
B 1
C | I 0 o

b Lo 1 o o]
as the matrix representation of the above communication problem.

Now we give certain terms associated with a matrit, The
entries in a matrix will be called elements of the matrix. (Sometimes
they are called scalars.) [fall the elements of a matrix are zero the
matrix is called a null matrix (or zero matrix) and is denoted by 0.
Bold letter 0 is used just to distinguish the null matrix from the zero
element. If the number of rows and columns are equal, ie. if m = n,

h“]mnnrrm S
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A [ntroduction to Business Mathematicy
. f order n. When all th,
sasqusTe . " jiagonal® of a square martjy

mal jagonal martix. A square
tries cither above or below
x is a diagonal matrix jp
pal, If inthe above diagopa]
are 0o ity (onec) we say the matrix jg
arc Ul 1ix obtained from a given

matrix
u.:% columns is called the transpose

e martix ©

f all the €7
Jar matri

be a square matrix.

— said to be symmetric.

= dy ( A .
If dyy - in the matrix A 1t 18 said to be skepw. _
--ayi
If ay = .,_uw.aﬂ_n.uhnﬂ.
hﬁhﬂnﬁ&\hﬂ ﬁ- o .
(a) 0 07 pod, 0 o
are null matrices. |
d
£ .1 0pan =3 2

7.8
are square matrices of order 3 and 2 respectively.
1 0 0
(4
o 2 0
0 -5 0

0 8 0 0 —7

*Maia diagonal of a square matrix is the diagonal which is composed
cf all the element a;; of the matrix for which /=/. .

Matrices
247

0 —2

.h..:.._ . 0
0 0 1 0

0 0 0 7

are diagonal matrices of order 2,3 and 4 respectivel
ively,

y I 0 .o
)
¢ 0 1 0 1 o
2
ccu
~oca
0 1 o0 o
and
0 0 1 ¢

0 0 0 1
are identity matrices denoted by /,, /, and I,

3 2
(e) If 4= —l 4 |,its transpose
5 6 _
‘ 3 -1 5
A =
2 4 6
2 1 6
0 -5
f) | J -8 )
6 —8 2 e
1 6 =7 57
6 2 0 9
and
—7 0 =3 -10
[ s r9-=10"14.]

are symmetric matrices,

Scanned with CamScanner



0

2 3
0 -2

-3

2

0 —5

5

0

An Introduction to Business knsa.s:
cy

h.. 0 5 -6 9 |—
5.0 22 \
0o —3
§ =1 :
aod
., 2 3 o |
metric MALrices:
g1 skew YOI - matris. BY deleting a few rows and columpg
Emi»%ﬂ&:& the sub-matrix of 4. Clearly Ais g
{ a new ma
e m._”.-:.w of itsell. :
sub- _ 356 s—
Copsider 4 = i T8 3
The sub-matrices 816
356 1 (3561, [478]
478

—m 5. U 6], _..m. G.—. _”_a. ﬁ- Tu.m.,_‘ —um.ﬂv M..__l_
36 567 317 re
“w..___._.g wu__._ﬁu sJ,L 4 J,L 7 J.L.8 H_
B, ) (6. (@ [ 8

Definition. Two matrices of the same order are said to be equal
only when the corresponding clements (clements with the same

—

address) are equal.
3 -4 2 3 —1
._lnﬂ\‘" = .wu
-1 47 —4 4
3 —4 2
C=
-1 4 7

Here 4=, but 4 % B and B == C.

E_.m___noaaﬂ the matrix B-7170 m.._. This is a 1x 3 matrix
8 one row only. Such matrices consisting of one row only are

Matrices ’

called row matrices, [a; a4

sreene Ga| i3 @ row matriz s
elements. - ix with n

4

-3 is a 3% 1 matrix, having one column on
2

ly.

Such matrices having only one column are called column
matrices.

ros
by ‘ is a column, matrix with n elements.
_: b 1_ matrix with n elements.

Problem Set 8 (a)

(1) Find a,4, Ggs, @s, ass in the following matrix,
B 1 2 3 4 9 10 1

7 =11 12 8 0 —10

3 5 7 0 -9 2

-1 -1 =1 -1 -1 -1

L1000 10 ¢ 6 11 15 |

(2) Find the type of the matrices given below :

@ frz o @rs 6 717
0 3 6 0 12

7 12 —1 ]

(#it) a h g vy 0 5 77
Kb oS -5 012

g [ ¢ =T 1R @]

249
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An ?nﬁonnnnaa WV BuUaTI2a ansgﬂzn-

iy 1 00 0 g 5
250 acac..._ *h
0 01 009
Eocco
0 01 0090
0001 9

Loooo |

Ecau:aa of the matrix.
3 4

1 2
s 6 1 8

9 10 1 R s
of these are square submatrices 7

A& m..._,an— all

How many

{ Matrices .
added (subtracted) only if they are of the

¢) of two mxXn maftrices js another

G.N. b&m—‘su 0
Two matrices ¢ be
The sum (differenc

“”” “an-; whose elements are the sum (difference ) of the corres.
ponding clements of the matrices.
Example 1.
4 -1 07 =1 0 I
dml =3 & =b B = 5 _2 )
2 =7 8 3 4 3

Aand Bare 3x3 matrices. Therefore A+ B and A—B are
also 3x 3 matrices.

4 -1 0 -1 0 l
A+B=| =3 5 —6 S 5 —2 2]
L 2 -7 8 3 4 3

[ =0 ~hpe, | G4 LS

=| =315 S4(=2) —642 |=| 2 3 —4

" S 843 s -3 1l

Matrices
r 4 =1 0
A-B=| -3 5§ —6 | —
2 =7 8

.

P =1y =1=0

) 238 5—(—2)

[ 23 —7-4

-1 0
5 =2
3 4
0—1
—6—-2 | =

-3

25|
5 -1 —1
—8 7 —8
-1 =11 5

Example 2. Suppose the regional sales manager of a Drug
company wishes to get a day-by-day inventory from his dealers,
of different type of medicines in different packings. He can get the
report from each dealer in the following form.

50 tablet 100 tabler

500 tablet

bottles bottles bortles
an a a,; |—Vitamin C pills
a, sy ass —Pill X—for digestive disorder
ay, ay, asy —Pill V—for sore throat
ag a, a,; —Pill Z—for liver complaint

If the report is from the k** dealer it can be denoted by A,. If

there are 150 dealers in the region, the total inventory matrix

T is given by,

Example 3. An engineering company at Madras gets 3 types
of components from Bombay and Calcutta, details of which are

given in the following matrix form.

Purchase
cost

22
- From Bombay A = 23
18

[~ 21
From Calcutta B = 22
16

Transportation
cost

15 ]
13
12
20 7
17
11

Component |
Component Il
Component IIT
Component I

Component II
Component [11

Scanned with CamScanner



An Intreduction to Business insoa.ac
4]

Bl chase and transportation cost is,
The :2_-_ pur £ 35
arB=| ¥ 3
34 23
?innua Addition
Some A . ] . u
.W = =
Let A _u_. ¢ 4 b i 6 -
Sl 71
A [ -2 10 — c.
A+B = B+4 This is true for any two matrices whij ch cap
e, = .
be added. .
Hence Addition is commutative.
2 37 5 =2 0 2
+
UsBc=| ! H .
i 0~ 2
= +
_HL 10 | | =3
7 37
uﬁ =<1 B |
2 31 5 —2 0 3
2 4 1 6 .
O
+
4 0 3
3
I_ .w
le. (A4 B)+C = 4 +(840)
.;Hu: true fo

addition js -BR_E. any three matrices which can be added. Hence

Matrices
25)
Problem Set B (b
1 3 =
LI A = ) ;- & =¥ =
6 7 % |? 5 n 3
1 2 =13
C=
5 —4 k|
find (a) 44B-C. (b) A-B+C. () B=C+A.
() A-B-C. (e) verify commutative property.
(f) verify associative property.
2 3 5 =2
() IT A = and B =
-1 4 -1 6

Show that (i) (A+B) = A'+ B’
(il) (A-BY = A'—_p
8:3. Scalar 7—.__:_.__2_“8

Let A =
- 4
2 1 2 3 2 3
A+A+A+A = + " ._
=1 -1 4 -1 4]
. 23
+
<3 4
4x2 4%3 8 12
dx—1 axa | | -4 16

Can we denote A+ A+ A+A4 as 44 to mean that the matrix A
had been multiplied by 4 ? Notice that 4 isa number and A isan
arrangement (matrix) and we are multiplying two things of different
species. This interpretation is justified if we define scalar multipli-
cation as follows.

A matrix is said to be multiplied by a scalar if every clement
(or entry) in the matrix is multiplied by the same scalar.

23 2x4 Ixd 8 12
Thus 44 = 4 = -
—§ —1x4 4x4 -4 16
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and therefore A A4 A| A can be written as 44.  We demonstrateq
the multiplication by a scalar when the scalur was an integer.  The
rule holds even when the scalar is any number.

Problem Sct 8 ()

An Introduction to Business Mathemayic,

20 9 F 1 <2 B
et A=] =1 6 H |, B=| =1. 0 0|,
4 8 1 S -

C o= 3 7 )

o =1 0 —1
(1) Find (a) 3A. () 44.  (c) 3C.  (d) A+2B. (e) 2B-3C.
(f) A438-2C. (8) 24 - B 5C.

(2) Verify (kA) = kA" where k is a scalar and A- _” M W _.“ H_

Multiplication of a matrix by a matrix Let the prices of 3 fruits
at four citics be given by the matrix.
Cost per box in rupees.
Apple  Orange Mango

Pew [ 20 12 8 7 Madras.
17 10 9 Bangalore.
16 11 T Hyderabad.

L 20 12 10 J Cochin.

Let us call this as price matrix.
The supply position of these fruits with two dealers 4 and B
is given by the matrix,

Dealer
A B In number of baxes,
100 200 7 Apples.
Q=| 200 200 Oranges.
300 100 Mangoes.

Q is called the quantity matrix.

Let us have a closer look at each matrix. In matrix P,
each row gives the price of the three kinds of fruits in a particular

255

Matrices

city and cach column gives the price of a particular fruit in the four

cities. Likewisc, in (0 each row gives the quantity available in each

kind of fruit with both the suppliers and cach column gives the

quantity a particular dealer can supply in the various kinds of fruits.
Consider the two matrices,

(20 12 8] and 100
200

300
which give the prices at Madras and the quantity available with
dealer A respectively. If we want to compule the income of the
dealer A from Madras we multiply the price of each box of fruit by
the quantity sold in the three kinds of fruit and add them up.

Thus the income = 20 1004 12x 200+8 x 300

= 6800.
So we write,
(20 12 8] x 100 = | 6800 ]
200
300

and we have multiplied a 1 x3 matrix by another 3x 1 matrix and
the result is a 1 x 1 matrix.

Let us go one step further. Consider the matrices,
[20 12 8] and 100 200
200 200
1 300 100

These matrices give the prices at Madras and the quantity that
can be supplied by A4 and B. Performing the operation we have
indicated earlier we get the income of 4 and B from Madras.

So we write,
A B
[20 12 B8] X 100 200 A B
= (6800 7200]
200 200 5
: 300 100
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By multiplyin
matrix.
Now we take two citics and one dealer ; the prices

g a Ix3 matrix and a 3x2 matrix we gt a
X2

. at Knn_,n.
and Bangalore are given _wu__“_v b
17 10 9
and the quantity available with A is given by
100
200
300
Working as before we get,
100
20 12 8 y st [ 6800
17 10 9 0 6400

The entries in the product give the income of A from Madras
and Bangalore. The product of 2 2x3 matrix and a 3y

. matrix
isa 2x 1 matrix.

Now considering two cities and two dealers the price matrix
will be a 2x 3 matrix, the quantity matrix will be a 3y3 matrix
and the product will be a 2 x 2 matrix.

We have,
100 200
20 12 8 6800 7200
x| 2000 200 | =
17 10 9 6400 6300
300 100

Taking the situation as a whole we get

App Org Mang
Mad. 20 12 8 ] A B

App. [ 100 200
X Org. 200 200
Mapg. | 300 100

Bang. 17 10 9
_ Hyd. 6 nn 7

Coch. | 20 12 10 |
4x3 Ix2

Matrices 257
_ A B
- Mad GEOO 7200
Bang 6400 6300
Hyd 5900 6100
Coch 7400 7400
422
e, P x 0 = R
“Price matrix" “Quantity matrix”  “Income matrir™

(or Revegue matrix)

The price matrix P is of order 4 %3, the
oforder 32 and their product R viz. the

quaatity matrix g is
incoms matrix i5 of
order 4x2. Only when the columns in the ma1rit P on the left
and the number of rows in the matrix Q on
the two matrices can be multi
is defined.

the right are equal,
plied in the way indicated, je. PP

Now let us take any entry (clement) from the income matrix,
for example, 6100. It isin the third row and second column, and
it gives the income from Hyderabad for the dealer B. Thisis got
by multiplying by the third row of the price matrix (left matrix)
and the second column of the quantity matrix (nght matrix). [n
short the entry in the third row ang second cotumn ofthe produat
matrix arises out of the multiplication of the third row of tae left
matrix and the second column of the right matrix, which we diagram-
matically represent,

S I - e &
@ ()1 _
X X X Tk__ & &
| 1
)9l =1 ore
X X X olo =2
X K X & &
4%3 Ix2 aw2
Third row Second column Element in the
3rd row and
2nd column.

Now we are in a position to define matrix multiplication.
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Definition. Let A bean mxp Em_dw and Bhe 5 PXn J
The product C = ABis an mxn matrx .iunqn the enlry ¢ AUriy,
is obtained by multiplying the correspondiog entries of the ““.zn

of A by those of j'* column of B and then adding the resuly Toy,

[an @ - G h [ on b .. (B, ... by, )
ay Uy3 -+ ip by by ... |by by
“..|1.||l|.|||l. % g "
_D_: dyg o ﬁ.-:._ s wee T Rt - n

f Opy Amg -+ Amp |_ _l &3 ?_— w.‘i i ou:.._

mxp
Pxn
B ﬁ.: h._u ane n._ e ﬁ_._.__ l_

_l ﬁ...._ ﬁ.s_a was ﬁa..; s ﬁ.a: l_

where Cyy = a; by, +ayy by +......4a, b

r

Facts. If 4, B, C are three matrices, then
A(BC) = (4B) C, provided the multiplications indicated are
defined,

Example 1. 1f
4= 2 3 and B = 1 0 2 |
-1 1 =D 3 1

-

mza AB. Aisa 2x2 matrix and B is a 2x3 matrix. Therefore AB
152 2 3 marix.

Matrices

259
e 2-6 049 443 -4 9 7
=1-2 u43 24 -3.79 =1 |

Example 2, 1f

A=[2 -1 47

and B =
6. 3-8 [ 4 1 08-57
G my -1 6 21 6
L 2=7-% 47 ]
L3 -4 5]

find AB.

Aisa 4x3 matrix, B isa 3 x5 matrix and hence ABisa 4. 5

matrix,
8+14 8 2— 6—28 0—2—4 16—1416 —10— 628

o 24—2416 6+12—56 0+4—8 4842432 —30+1256
| 0—2— 2 04124 7 04441 042—4 04124 7

1244410 32435 0—8—5 24—4+20 —'3_24_35

rw -32 -6 3l <
38 =38 —4 82 -74
—4 19 5 =2 19

L 6 -5 ~13 4 -7 |

Can you find B4 in this case 7 No. So AB may be defined but 54
may not be defined. In some problems ABand Bd both may be
defined. But still 4B need not be equal to BA as illustrated below.

An Important Note. In the product 4B, 4 is said to have been
post-multiplied by B and B is said to have been premultiplied by A.

i.e., AB is called the post-multiplication of A by B or premulti-
plication of B by 4.
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240 < districis 241
Examples : _ > _ \#
= 2 |
b rd 2 = 5. Let dw- 2 1 -3 |,
=] — nd B= ]
~ ’ ; _| B 0 -3 -5 2 3
3 |
£ 2 5 -1 -7 7
Aisa 3x2 matrix and B is a 2x 3 matrix. The product 45 is | ) )
a 3x 3 matrix while BAis a 2x 2 matrix. Thus, cven though the pro- E = = 1 3 4 |
ducts 4B and BA are defined they are not equal. L 3 2 1 2
- 7 r 3 6 0 —6 T
- _n . ! -_ and E= = 5 4 < ~
—34+0 0+7 d : 3 3 |
Then Al = +7 L
4+0 0-5 -5
: ' 7 .. . 5.9
r=3 717 24443 5-2+2 —1—6+1 — T—§=2
L o4 s =4 AB=| 4-2-9 10+1—6 —2:3—3 —14-4_6
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when a martix A is multiplied by the identity martix 1, the product is
A itself. In other words, multiplication of 2 matrix by a unit matrix
(if the multiplication is defined) leaves the matrix unaltered.

3. Fﬁm"ﬁw Nl_msn_ n.H_l-_r_ Iw|_

3] L -1 J
- 3-2 2-2 r 0 .._
n - = —_—
A=1 3-3 |~+mu_ T e
The product of 4 and C is the identity matrix.
el S R O
4. Let 4 = =
L 1 and B [ =3 2 |

;a.auﬁ ~141 2-2 7 0 N .._duo

-1 —242 |7 L o

The matrics 4 and B are non-null matrices ; but their product

AB is a null matrix i.e., AB = O does not always imply that ecither
A=0o0rB =0,

-5 17

3424+ 4 6—443 0-8+2

AC = 6—1—12 12+2—9 0+4—6 —12—-5=+9

AB = AC But

i.e., cancellation of A is not valid in general.

—15—2:-12 —304+4+9 04846

— 6—10-—-37

304109

|
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2. () AX = Bisa matrix equation where

<L) e[ ] e[

Write down the two linear equations separately.

() AX =~ Bis a matrix equation where
C 2 =3 0 4

A=) 0 4 5
L1 0 o 7

6
X = B = -9

2]

13

Low J

Write down the three linear equations separately.

-1 2 =3 7
2 0 5
(i) T PY = R where P =
0 =3 4
L8 3 & |
_ . .l
N
11
Y= A » R =
-9
Ys
]
L. 8

Write down the four linear equations separately.

8'5. Inverse of a Matrix

Now let us consider a situation w

here matrices can be usefully
employed in solving a system of linear

equations,

Suppose, the management of

a company faces the following
problem. One of

its factories uses two different machines Mand N
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to produce two different itfems A and B. Machines Mand N can o

duct should be produced so that the machines work to the capacity,

We proceed as follows. Let x be the number of unitg of pro.
duct A and y the number of units of product B that are Produceq.
Taking the machine A/ it requires 3 x hours to produce x units of 4
and 2y hours to produce y units of B. Then,

42y =14
Likewise considering the machine N, we get
x .2 X 14
Let A= X = B =
3 13 y 18
Then the above two equations can be putas a single matrix
cquations,
AX = B
it Let us pre-multiply both sides by a matrix C (to be found
Then, CAY = CB (1)
If CA

=/, the identity matrix, we will have CAY — 7y — X.
Then the equation (1) becomes,

X=CB vws(2)
From the example No, 3, given in the previous section 10.4, we
see that,
3 2
if A=
< R

then C should be

50 that C4 =

-2

ﬁalﬂ

Ly 4
!

. Perate
14 and 18 hours respectively everyday. The machine Af requipeg 3

hours to produce one unit of 4 and 2 hours to Eon_cnm one unjt op
B. The machine Nrequires 3 hours to produce one unit of 4 apq 3
hours to produce one unit of B. Then how many units of each Pro.

Marrices 71
From (2), X = cB gives,
3 =% 7
x 5 14
¥ 4
3 i ] 18
14 —12 7 2
-4 418 ] | 4
X=12 and y=4

S0 2 units of product 4 and 4 units of product B should be
produced to keep the machines M and Nto work to their capacity.

In the above discussion we have assumed the existence of a
matrix C such that CA = J

Definition. A matrix C is said to be the inverse of A if
CA = AC = ] and C is denoted by A-1,

From the definition it can be easily shown that (1) 4 has to be
a square matrix and we can speak of the inverse of a matrix only if
the matrix is a square matrix. (2) A may or may not have an inverse.
(3) If A bas an inverse it is unique. (4) The inverse of the inverse
of a matrix A is 4 itself ie. (4"1)1 = 4

Given a matrix A4 we cannot go on guessing a matrix A-! so
that A-! 4 = 441 =1 We should evolve some technique of

finding the inverse. Of the various techniques available we give here
only two.

Method I.  Finding inverse using elementary row (column) opera-
tions.

The elementary row operations are defined below :

(i) Interchange of two rows (denoted by R,, which means the
i** and the j*» rows are interchanged).

(if) Multiplication of a row by a non-zero scalar. (denoted by
k R; which means that i** row is multiplied by k)

(iif) Replacement of the i'* row by the sum of the i** row and
k times the j** row. This operation is denoted by Ri+(k) R,. .maq
example, R,+(5) R, means that, to the _..m...oun row Wwe ».‘.E 5 times
the third row. Elementary column operations are defined likewise.
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Steps in the Computation of Inverse

1. Divide the first row of the matrix by the entry in jtg first
column if necessary and if it is not zero. Ifit is zero E_n_.n:pnwn
the rows to get a non zero clement in the first row first column to get
1 as the element in the first row first column. Use the new first roy,
and obtain zeros in the first column of the other rows.

2. Divide the second row by the entry in its second column apg
use the resulting row to obtain zeros in the second column of each of
its other rows and so on.

3. Perform the same operations in the same order on a Suitable
unit matrix / (i.e. the unit matrix which can multiply 4) i.e. Reduce
(4:1)1o(/: B) using clementary row operations only. Then B = 4-1
If the method fails then 4-1 does not exist,

The method is illustrated by the following examples.

2 2
Exampfe I, Find the inverse of 4 =
35
[ 2 2: 1 o
L 3 5:i0
[ 1 1 1
P 0 ?lvm_
“..
L 3 5§ o 1
. 1 £ 1 1
Pz 0
-
L0 2] 7 1 | Ry(-3n,
1 1 “
5 0
-3 1 1
L0 1! FT 7 |7k
I 0: 5 1
¥ 7 | RH(=1n,
i3 I
0 1 -4 7

Exampie /. Find the inverse of 4

10

L]

Lot -

273

—
o
(]

o
- | ———
o) -
o

R+(-D) R,

Ry+(=3) Ry
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M
274 | , Othc‘m"”n
-/' 1 0 "'2_ —4—" 1 0 _I Ma
0 f o o= 1
| 10 0 10 O
—14 -3 =9
0 0 o 2
L 10 0 10 ! | Rit(agp
[ 1 1 ;1
O Tl 0 o ]
1- § ~f". t
0 1o e
l 10 } 20 10 0
0 0o 1 | 3 9 -5 | 1
L T W 7 | mwh
|_ 1 i 1 -9 -
0 o | . =% 3§ 1
[ o 7 28 14 Rl+("‘f‘)R|
0 1 o : —=! 1 1 —1
W w w | R
3 9 _s
0 0 2 B
L ' w ow F |
[ 1 —-%" & 9
28 14
i ~1 1 1
4 W W T
3 9 =5
L 14 714 7 ]

Problem Set 8 (f)

Compute the inverses of the following matrices if they exist.

1 2 . 4 5
o [13] e[l
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;7 5 4 An important fuct.
(19 g =3 _2 A-Vexists if and only if | A | £ 0.
(B.B.A, Sept. 1971 and Appyy 19y le. IfA existsthan | A| #Oand if | 4| £ 0, then A}
2) exists,
1 o 0 Example 1. Find the inverse of
2 0 1 (B.B.A. April 35 3 5
. 2 2
Method 1T || = z -2x5—2x3 = 10—6 = 4
i ix Method !
; Ioverse by Adjoint Matrix
.Mi—&hﬂh the = mu q_— o= ﬁlluwu.mu 5= 5
Asa “_ud__.E.mnwd__. we define what Is meant v.. the anamnmuﬁ of 1pet 2 =-2
i It s defined only for square matrices. Just fzy, the o T o
:_“Rm.»m.wa. appear and consider the E.Bummaonp 352 deter, Cy= (—1)*13 ==3
“.-_._nwnn and evaluate the determinant. Thus .EE EVErYy square Cop=(—I"2=2
matrix we can associate 8 unique pumber. If Aisa square matrix, §. =3
its determipant is denoted by | 4| - - Cot A= _“
=3 -2 2
For example,
2 7 ; Cof 4) i
i a=| adjd=(CfH=|
2 4 Al = .-ﬁ adj 4
[4] = = 10=12 =-2 |41
305 r s =
Let A be a square matrix of order n; and Mij denote the sub- & _H 5 =2 L ..u :
matrix corresponding to the element ay; i.e. the matrix got by suppres- -3 2 “.__l —
sing the row and column through a,;. The number (—1)%+/| M, | =
is called the cofactor of a;; and is written as C;,. The maftrix formed Example 2. Find the inverse of
by Cy,'s got by replacing a;, by C,; is called the cofactor matrix of 4 4 0 2
and is written as Cof A. The transpose of cof A is called adjoint of
4 and is written as adj. A. We have the theorem (proof omitted): , A= 2 10 2
For the square matrix A, A-1is given by 3. & 1
| i . 4 0 2
T47 adj A provided | 4| £0. _
. |4|=| 2 10 2
Thus At = 4] adj. 4. i 9 -1
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0

Uey
) 2 2
P =0 i +~_ 1o
=3 F I .
— 4(10—18) —0+2 (18—30)
= —32-24 =-—56
10 2 “
ﬁ.- = Anlc—+u 9 1 ani —18 =3
2 2
= | | ==
s 2 10 [
= (=) — _mluo =
Ci = (—) 3 9 _* 12
0 2
ﬁ. = i..—n._.— ‘ - ||m Ilhm
= (=1) 9 { )
4 2
Ca = (=12 =46 _,
e I ﬁ
4 0 ‘
Cy = l..:-.._& "Iﬁwml..ﬁ- = -
n=( = ) 36
0o 2
Gy = (—=1p# = (0—20) =—29
10 2
4 2
Cu = rluvu+u S mllh =4
n A 5 > A u |
4 0
Ca = (=13 _ = (40—0) =
2 10
—8 4 12
-20 -4 40
-8 18 -20

—12 —36 40

==
Matrices 279
A = T . I adj A
—§ 18 20
1
e - 4 -2 —4
=12 3 40
I 1 -9 5
7 2% 13 |
. —1 1 1 ‘
14 28 14
3 9 -5
L & T& 7 |
8:6. Solution of a System of Linear Equations I(By Matrix inversion
Technique)
Let AX =B (1)
be the given equation. Let A2 be the inverse of 4.
Premultiplying both sides of (1) by 4-1,
Al AY = A' B
(A1 4) X = A1 B
IX = A-1 B,
X = A1 B, «(2)

Example 1. Solve
u.h_._ruk-.lku =9
k—l Hu+kn = w

Ixp— X=Xy = —1 (B.B.A. April 1970)
The above system in the matrix notation i 15, AX = B, where
rz 3 -1 1 [ x ] 9
;u____an_a“fwum

_lmi_ IHl_ #......ul_ -ll_

We know that X = A-1 B [refer (2)]

Therefore finding the solution to the given system amounts to
(f) Finding 4-! and (ii) post mulliplying A-! by B.
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Let us find the inverse of A.

1 1
C'u-s(-l)lﬂ 1 1 ’ =0 C” = (-—l)l-l-]_ ? ~1 j
~1 |
1 1 14
Cu‘("")”’, 3 -1 4 Cay = (— 1)242 2 ~1
Cu=(—1)l+n, 3 _1]= —4 Cy = (— 1)+ 2 3
3 ~1]=
a1 ( ) 3 +l 3y = ( 1) +1 1
1 1= 4
C,,—_-.(_])sﬂl 2 3 - —1
1 1
0 4 —4
0
Cof A 4 4 4
= -1 11 soadjd = y :
-3
4 -3
| 4] =2(~14] : R
=2=141)-3(—=1-3)—1(—1-3) = 0+1244 -
1 1 0 4 4
A1 = — adjd =—
-4 11

1
1 —
B=g| 4 1 3|
—4 11 —1]|-
32 3
_ 1
T | ™ =3
64 4
But X = A1 B
: xl 2
T > Xy =| 3
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of the sequence.

Differential Calculus

31 ldea of Limit
_As the production quantitics increase and app-~ach plant capa-
city the manufacturing cost function may <uffer changes in form. A
linear cost model useful for small quantitics may become quadratic
Here we describe

as the items manufactured approach plant capacity. e
nstruct models for such simmsonb

the theory of limits in order to co
1 1 1

Consider the sequence of numbers 1, 10 ' 100 10 °

1 . .
" where n is zero or a positive

This sequence has a pattern, 45,
t different terms of the

t different terms of the

integer. By giving values to n from 0, we ge
general term

sequence. Such a term from which we can g¢
sequence by giving suitable values to n is called the

1 is the first term of the sequence.
: is the second term of the sequence.

—

10
: is the third term of the sequence.

02

L_ s the (n + 1)** term of the sequence.

10*
this rule, to write the terms

We can go endlessly, by following ite L
of this sequence, that is, this scquence has no terminating term.
INCreases

Such a sequence is called an infinite sequence. As n

67
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e

and ¢
hcy scqucﬂce become smaller and smalj,,

Movye
| Closer and Closer to zero

This

Phcnomc ’
and |arger i on - of g becoming indefinitely  large,
symbolica| s termed as, “n tends to infinity” and it j,
Y written ag «, » oo Zero is called the Jim;,

of the sequence T | 1 ..., for the difference
10" qov » - 10~

betwccll Zero and the term I()l”— can be made as small as we

please by taking » sufficiently Jarge. In short, we Write,

Limit _1 0
as n —+00, jgn * 00 P ( ke

Again consider the sequence,

11 JE SO
L—51 »oor* 0001 * 00001 °
1 1 1 |
L‘. l. l ) l § e —I_—'" . _l__ § "reees
10 100 1 10000
ie. 1, 10, 100, 1000, 10000, ......
ie., 1, 10, 10? 102, 104, ...... N (R

This has its general term as 10”.
As n - oo, 10% also becomes indefinitely large.
ie, 10" >oc0asn—» oo
jie. Lt 10® = oco.
n—» oo

Consider the function, ——

If x # 3, we can cancel out the factor x — 3, and the function

x2—9
X =
(x — 3). But when x =3, we cannot cancel the factor x — 3

inate quantity.

is the same as the function x 4 3, since x* — 9 = (x + 3)

xt .
and -—x—jg- is of the form %—which is an indeterm

What happens when x approaches 3?7 Noticing thel fact that x

approaching 3 does not mean that x taking the value 3 we have the
‘ollowing table,

et
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L N
X J(v) = : 1 — X 4 Ywhenax /3
29 50
299 599
2:999 5999
2999......9 5999......9
) 0
0
3:000..,...1 6:000...... I
3001 6:001
301 601
3] 61

— T—— e W -

X
We see that appronches 6 as x approaches 3 and also that

3

the difTerence between

(
3

pleaso by taking x sufficiently closer to 3. Such a value 6 is called
1
the limit of the function xx 2 as x approaches 3 and it is written

and 6 can be made as small as we

symbolically ns
Limit x* — 9 6 Lt x* -9
x+3 x-—13 = o yad a3 = 0.
Notice that the limit of the function as x approaches 3 is not the
value of the function when x « 3. The limit is 6 whereas the value
is indeterminate.

We can define the limit of a function in a general way as
follows :
Deflnltlon. [ is said to be the limit of the function f(x) as x

approaches a if the difference between I and f (x) can be made as
small as we please by taking x sufficiently nearer to a and in
symbols, we write,
Limit
X »a S (@)=L |

Limit of a function as x tends to a meed not be the value
of the function when x = a.
X Example 1. Evaluate Limit x*42x+35

) x-—+0

As x -» 0, that is, as x becomes smaller and smaller x* and 2x
become smaller and smaller. So the function x* 4+ 2x 4 5 becom¢s
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very cluse to 4 The differenece between 5 onud 8 Ja 4 5 huy hic
made as small ws we please by taking » sufficiently spall
Limit (x* 22 | %)
X » ()
Notice that the value of the function x* § 7¢ 4 5% whetk 5 = ) s 4
which is alse the limit of the function x® | 2« | Sas 4 » 0

-9

Example 2. Fyaluate  [imit r 49
X » tuh }f i 5
, ¥+ 3 P
Limit x4 5 Limit x Limit P |
xvr00 2043 T x.om 2x4 3 © & "'MZ‘ YTy
x ’
as 2 . 3 +0nas x » m0
x x
Example 3. FEvaluate Limit 21" 4 % 4 %
n-» oo it 4 Tn 4 9
Ut 4 n 4 %
Limit 21" 4 31 4 5 Limit n‘
R+00 -5M 4+ Tn 49" nasoo ™ ofF 4 Ina 3
-
3 4
 Limik tH— 45 2
n-»oe g 9 o 4
it g+
Example 4. Evaluate Limit n
n-so00 ML k!
Limit n - Limit ] g
nee FF3 T e 3 "0

n
as the denominator becomes indefinitely large as n - oo because of
the presence of n in the denominator.

Example 5. Evalvate Limit Sx* — 7x 4+ 9
x-=+0 i 1 3
Limit S —-—Tx4+9 9
x»0 " Ip53 =3 =3
as 5x*, — Tx,2x* » 0as x - 0.

”

32 Continuity
Refcﬂingw'hblelﬁvmindu Previous articie we see (hat
X can approach 3 in two ways, X can approach 3 through values less
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dean ot theonph values greater than thiee. When we say the himit
6 i mean, nidess other wiae alnled, thant, whatever bo the vy by
which e appronches Vihe Tunction has the limiting value 6, | Bome.
pnen Wi may have dilterent Hmite for the function for the two
Jitorent Approadhes

Delinltton, A Tunction f(x) Is snid 1o be continvous atl
L 1]
Limit

. f(x) — f(a)in whatever manner x » a.
»

Suppore the graph of a given function is ns given in Fig. 1,
We  find  that  when
voe A fiom the left the limit Y
will be Tand an v » 4 from 7
the tight the himit will be 3.
There ix a jump at x =4, Such
a point s called a point of
discontinulty,  But the func- 4
ton iy continuous at all the
other values of x lying between
Oand 7. ¢

The collection of all '
values lying between Oundi Y S L
is called the interval 0 to 7 " V) 6 5 6 7
and is denoted by (0, ).
Of the two end points
0 and 7 cither both or ong among them or none of them may be
included in the interval. (If both end points are included in the
interval it is called the closed interval (0 € x < 7). If both points
are excluded then the interval is called open interval (0 < x < 7).
If one of the end points alone is included then the interval is called
semi-open,

We say that the function defined in (0, 7) is discontinuous at
X = 4. A function is said to bc  continuous in an interval (a, b)
if it is continuous for every value of x lying in the interval (a, b).
We can say a continuous function defined over (a, b) is one whose
graph can be drawn without taking the pen from the paper, that is

10 say that the graph of the function does not have gaps, breaks or
Jumps,

Fi‘. 1 .

 Discontinuous functions are not uncommon in occurrence.
firm may offer discounts on larger quantities purchased in order
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e o —

to attract large orders and thus achieve the economics of Jarge !
production runs.

. Bxample. A wholesale vegetable seller has the following price
schedule ;

Rs. 2.50 per kilogram for 20 kilograms and less

R —

Rs. 2.00 per kilogram for more than 20 kgs. and not more
than 50 kgs.

Rs. 1.75 per kilogram for more than 50 kgs. and not more
than 100 kgs.

l Rs. 1.50 per kilogram for more than 100 kgs.
.ll' yis the price and x the quantity in kilograms, the price
‘ function is given by,
i 2.50 x, 0<x<<20
: 2.00 x, 0< x50
s 1L75x, 50 < x < 100
1.50 x, x> 100
{ The graph is given below.
i1 2001 I
} ¥
i : |
| : . 4
b ' - ] i
4 = : 1
= | !
| |
|
| | :
|
of p ! 1
| | :
[ ' ' l
——-—-J..l_ : '
0 i St N ~
U e L
Fig. 2, / .
The points of discontinuity gre,
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(a) Limit {f(\\ | gi\}ll — Lt fix) 1 Lt g(v)

X -+ a v e A

(b) Limit fix) . g(x) = Limit f{x) Limit g(v)
X=»a L N | 4N
) Limit f{x)
imit 2X) . X9 if Limit g(v) #0.
©) }'_TL‘ g(x) Limat g(v) -
x-a

(d) Limit {fmx)}} - f{ Limit g(x) }

X=a X=a

(¢) Express the above statements in words.
3:3. Changes in Related Variables

@nlculus is the branch of Mathematics which deals with
changes in related variables, It is the science of fluctuations,
Naturally, therefore, Calculus has a role to play when we consider
how the sales volume or sales is affected when the price changes or

how the total cost, price ctc. are affected when the volume of output
changes and so on.

Notation. AX, read as delta x, is used to denote the change
in x or increment in x. It can be a positive change or a negative
change. Ax, Ay, Anare used to denote the changes in the variables
x,yand n* A" just stands for the words ‘“‘change in the variable
or quantity”. Consider the function, y — 2v 5. Let the initial
value given to x be 1.

When x=1 y=7
x =135 y=28
The change in x is 1'5—1 = 0-5 i.e. Ax = 0'5.
The corresponding amount by which y is affected is 8 —7 = 1.
Therefore Ay = 1.
Sq,for the function given above, when

Ax - o.st &y = |,
Whm X = l’

y=1
When x =09, Y =2%x0945
= 1845 = 68
Now AX =09—1 = —01
and Ay = 68-7 = —02
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As another example
Consider y=—x?
When X = 2, y= —4
X e 1§, y= 225

AX = 1'§-2= —-05
Ay = -225—(—4) = 175,
Find Ay where y = 2x43if x is increased by

y=2x+43 (1)
Let Ay be the amount by which ¥ has increased when x is

increased by Ax. So y4 Ay is the new value of the function when
x is changed to x4 AXx.

Y+AY = 2(x+ AX)+3 . (2)
(2)—(1) gives,
Y+AY—y = 2x+ Ax)+3—(2x+3)
Ay = 2Ax.
Example 2. Find Ay when y = xs.
ol Arguing as in example (1),

Example 1.
the amount A x.

y=2x (1)
Y+Ay = (x+Ax)* -(2)
(2)—(1) gives,
Ay = (x+ Ax)*—x*
= X'+ 2x Ax+4+(Ax) —x3
= 2x Ax+(AX).
Note. We notice that, here as Ax — 0, Ay - O i.e., as the

change in x tends to zero the change in y tends to zero. This is the
property of any continuous function.

Example 3. Find the average rate of change in the function
y = 2x3-5.

Let A\x be the increment in x and Ay the corresponding in-
crement in .

Average rate of change of y
Changeiny _ Ay
= "Change in x N\X
Now y = 2x'—5 (1)
y+ Ay = 2x+ Ax)*-35
=2[+2xAx+(A] -5 ()
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78 An intreduction to Business Mathemayc,

(2) (1) gives
Ay = dxAx+2(Ax)?
Ay AxAx42(N\x)

Ax AX
3 ; = 4x4+2AX
What happens to the above ratio gi . when x approaches zerg 7

What is the interpretation of the ratio in this case ?

In this case the rate of change is not over a given interval,
but at a particular value of x.
Problem Set 3 (b)

(1) Find Ay for a change Ax inx for the following functions
¥y = f(x) where

(i) y = 2. (i)) y = Sx+7.
(i) y = —2x+7. (vi) y = x*42x47.
; 1
= '. = e
M) y=x B (h)p = —
(i) y = v/ x. (viii) y = 4/ 2x45
(2) Find %}1 for the above. Do you notice any difference

between the values got for (i), (ii) and (jii) and those got for (i
to (viii). ) RO

(3) Find what happens when Ax — 0. Can you interpret the
results so obtained ?

_3-4. Average Concept and Marginal Concept (Instantaneous Rate of

Change)

* The average concept expresses the variation of y overa whole
range o!’ values of x under consideration i.e., from a given value to
a certain selected value, say from x to X+ Ax, to be particular say
fro-m 10 to 12 (x = 10, Ax = 2). Thus the average costis the
ratio Petween the total cost and the whole of the output concerned.
Margu.ml concepts on the other hand express ‘the variation on the
“margin® ie., for every small variation of x from a given value of x.
Therefore the marginal cost at a certain level of output is the change
in the cost that results when the output is increased by a very small
amount from the level. j|Itis clear therefore that a marginal con-
cept is precise only when'it is considered in the limiting sense i.e., as

ce—

e Bl g

—— a0

e
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(he variations in x are made smaller and smaller. Heffe ;jrm-ilo %l;
 interpreted as the marginal value of y at the level x. | |
As another example consider the average speed of the train
over an hour’s run and the speed of the train at the end of an hour’-s
cun. The first one is average concept apd the second one is margi-
nal concept. It is clear that the marginal change can also be consi-

dered as the instantaneous rate of change.
35. Differential Coefficient

Consider the function, . t
where x is the investment in rupees and y = f(x) is the total
production of paddy in bags. The empirically meaningful part of the
graph of the given function is
shown in Fig. 3. Now the Y

problem is, what is the marginal |
rate of paddy output at x = 1000

(Rupees). We cannot use%‘l; over
a given increment A x to find the
marginal rate at x = 1000, since
marginal rate ischange for any A\x
no matter how small Ax may be.

However we can approximate this

marginal rate by computing %._i for Fig. 3.

smaller and smaller values of Ax.

Let us consider the average rate of paddy out-put over a flexible
increment from x = 1000 to x = 10004 A x. :

f(1000) = e 10,000

- -

100
£ (1000 + Ax) = (100?0-;&;)- o ¥
= 10,000+20Ax+ L a2
y = £(1000+Ax)—f (1000)

X
= ZOAX-I- “100

= 204+ 85, px#0.

Ay
Ax

Scanned with CamScanner



AR v,

S Ty

80 An Introduction to Business Mathemgtjcs

Here [\y gives the average rate of paddy out-put over an jj,.
X
cremental investment /\ x begining at x = 1000 and ending at x —
1000 + A x.

This increment is flexible iu the sense that we can make itg
value equal to any quantity we wish by setting /\x equal to thaq
quantity.

Let Ax = 500,

DAY _ 5qy 500 _
then 'A—x = 20+ 100 — 25
Let Ax = 200.

AY _ 5, 200
then Ax = 20+ 55 = 22
Let x = 100

LY _ 5, 100
then Ax = 204 100 = 21,

Thus we have the following table,
/\ xin Rs. 500 200 100 50 10 0-1 0-01

%in bags. 25 22 21 205 201 2001 200001

We see that by taking values of AX near enough to zero we get
values of the average rate of change as close to 20 bags as we wish.

So Limit &Y _ 7.
ax— 00X

20 bags is the exact marginal rate at x = 1000,

The above process is called the differentiation of the function
x’ . .
=15 with respect to the independent variable x at x — 1000.

y
_ |Definition. Consider a function Y =f(x). Let A x be the increment
8iven to x and let /\Y be the corresponding increment in ». Then the

limit of the ratio ﬁ—i- as Ax tends to zero, if it exists, is called the

Differential Coefficlent or Derlvative of y with respect to x and the
dy

limit is denoted symbolically as v
Le, Limit &7 _ &

Ax - 0A* dx J

|
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In other words, if y = S (x) then

Y+Ay = f(x+Ax)
Ay = 0+ Ay) -y

=S (x+Ax)—f (x)
Ay - S (x+ AX)—f (x)
= L

A Ax
imit DY _ dy
é'::n-llto Ax T dx
= Limit [G+AD-f()
Ax = 0 Ax :

Note: 1. Various other notations for g : f'(x) or y, or y’ or Dy
or D f (x) where D=?‘i— and y = f(x).

2. ax Stands for the statement “differentiate with res-

pect to x™ just like ¥~ means taking the square root.

3. The process of finding the differential coefficient is called
differentiation,

Example 1. Consider the function,
f(x) = x2 (1)
Let A\ x be the increment given to x and /\y be the correspond-
ing increment in y = f (x).
Then  f(x+Ax) = (x+x)
= X} +2x(Ax)+(AxP -(2)
(2)—(1) gives, °
AY = f (x+AX)=f (x)
= 2X(Ax)+(Ax)?
2x(Ax x)?
Ay _ BN _ gy

- - Ay - .
Limit == = Limit (2x4 Ax) = 2x.
A;n::o Ax Ax-»o( &%)

This quantity 2x obtained is the differential coefficient of the
function x* with respect to x.

Fd(x')=2x.
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a An Introduction to Business Mathemayyq,
o N where  y o x0
' @\
or f'{x\) P& where f(x) w30
L D 1Y
Dy = 2x where Y oo x?
2 Df(x) = 2y where f(x) = x?

'
Here D stands for —

.:‘

34  Srandird Forms

We gve here some standard results.  First we give the various

¢

-

stagess 13 the process of finding the differential coeflicient of a func.
Loa uwsing the definmtion of the differential coefficient alone.

Un.ess otherwise stated all the functions we consider will be
coatinuous f unclions om\

The various stages are,

1) Give an increment Ax to the independent variable x.
(i) Find the \wrrespondmg increment A\ y in y where y = S (x).

.l uhc average rate of change).

() Evaluate Limit = uhe marginal or instantaneous rate of
2x=0 Ax

°h“3°)'__..;

;' '2.:_ (z%) = nx'". where n is any constant
The proof of l.hls ruult 1s not difficult. :)
For simplicity let us consider,
y=x
where a 15 any positive integer.
Then Y+4y = (x4 x)
AY = (x4 Ax)*—x»

Using Bisomial th theorem,

CHLxr=rtaeipxd M o Axpp terms

containing Iugher powers of Ax.
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S (X Ax'—x"=nx*-1 Aterms containing (Ax)* and
: higher powers of A x.
X))t —x" '

_(fi%x——-— = nx*-literms containing (Ax) and higher

powers of Ax.
AY

r nx"-14terms containing (A x) and higher powers of AX,

Limit A—y = pxn-1
Ax = 0

_This rcs.ult is true when nisany constant and proof can be
supplied by using the corresponding binomial theorem.

) /Exam;ﬂe I. Find —;x— (Vx)

V5 = 1
%(xm) = jxin-1 = —zlx 4
11
= = Ty
/) o d( 1
/" Example 2. Find -H—;(-J—ci )
We know that ;15. = x-3
d
= (x?) = =3x31 = 34 = =3

Find the differential coefficient of a constant with respect to x.
‘Let y = c, where ¢ is any constant, |

: g d .
The problem is to find 3';— i.e. to find the instantaneous rate

of change of a function which remains constant always. Obviously

- dc

1t is zero, f.e. s 0.
It can be seen in the following way also.
Let y=c¢ aill)
Then y+AY = ¢ +(2)

since ¢ is a constant not depending upon any variable.

e e e e S
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84 An Introduction to Business Mathematicy
(2)—(1) gives,
By =0
JAN 4 — 0 as Ax __’é 0
AX

Limit AY . Limit 0 = 0.
Ax—0 DX Ax=0

Thus we have,

de

= 0, where ¢ is any constant.

Problem sef 3(c)
Find the differential coefficient of the following functions :

m* @=r ) @
(5)2x (6) -1 (T)xios 3 (8) 2,
Standard form 111

Differential Coefficient of e*

ﬁ‘he function e* is called the Exponential Funcrioj.} 1 an irratio-
nal number and it is a specific number which lies between 2-7 and
2:8. The function e* arises in problems involving sales decay,pre-
sent and future value of an  investment in problems of finance,

Population growth etc. Once we hay .
ion i B © anew function
question 1s what is the differential coeffi one natural

cient.
o . M
and let A x be the increment i
ponding increment in . given 10 x and let A y be the corres-
(2)—(1) gives
L e‘(eﬁx_l) ... wl-i-n - a-a-
LY _ e(ebx_y
Ax Ax
imit &Y ) s
Aryp Bx = Limite €2-1)

Ox=0 Ax
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' e\t |
— e* Lt l_ AN }\Illu‘ e does not involve AR

Axv=0
= e*X]| = &
o= e*x | using the standard tesult
.
— Lt ~ =
e h |

A Useful Rule in Differentiation h=0

Consider a function y = f{x). Let Ax be the increment in
and let Ay be the corresponding increment in .
Ay 1
Clearly ™ Aa
Ay
Taking the limit as A x —- 0
Limit 27 — ‘M
ax=0 OF¥ g imip 22
Ax=0 AY

dJ_’ = A since y is a continuous function

dx Lt AX : of x

Ay=+0 AY

by definition.

1
- d._?’
dy
dy 1
Therefore el

dy
dy

This rule will be very useful whenever we wish to find dx and
: dx . . . dy ‘
finding F is simpler than finding i

Standard Form IV
Differential Coefficient of log .x-

Let y =log.x (1)

dy

d'_x_ .

From (1) x =ev by the definition of logarithms. ...(2)
(refer ¢ of appendix I)

The problem is to find

d;
=€ )  (Standard form)
. dy 1 :
oo dr =dc =o' Using (3)

g (using (2).
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Note© 1. In caleulus. unless otherwise stated, the base of

legarithm s understood to be ‘e,
. . - S - 1 0\ i
2 How to find the differential coeflicient of oy when a iy

not necessarily the same as ¢ 7 We use the change of base rule and
standard form IV to find this.  (reler ¢ of appendix 1)

The Technique of Differentiation

The process of finding the differential coefficients of Ifunclinlm
can be svstematised to enable the writing down of a differentia]
coefficient an almost a mechanical affair. We evaluate differentia]
coefficients only because they are useful to usin the application of
Mathematical Methods to problems in Business.  When ‘evaluating
differential coeflicicats usiag the  .dnition alone we should find
ourselves repeating over and over aguiii the same kind of algebraic
process. So we fiist evaluate the differential coefficients of simple
standard functions, ‘nown as standaird forms. The table of standard
forms, once obtained is taken for grinted. Then we formulate a set

of rules which help us to differentiate complicated functions. A given

I function, however involved it may be, is reduced to a combination
(such as sum, product, quotient etc.) of simpler functions for which

we can get the differential coefficients from the table of standard

r forms. The rules of differeniiation simply tell us how the differen-
| tial coefficients of a combination of simple functions can be obptained.

So with the table of standard forms and rules we can evaluate the
differential coeflicients with greater ease.

3. Illulu of Differentiation

Sum Rule. Differential coefficient of the sum of two functions.
Let - Y= u4v (D
where u = u(x), v = v(x) are functions of x.

For an increment /.x in x,
Mx) and also in y as yis the sum o
be the corresponding increments,

Then  y+AY = ut Autvi A - (2)
(2)--(1) gives

there \;_il-l be changes in u(x) and
fuand v. Let pu, Avand Ay

LY = pugpy
(Y Lut
Lx HLX

AU’
“axt i

&#t s

]
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Limit &7 = Limit {"-f‘ ;./.'}
Nx40 /A% %50 X' AX

= Limit2¥ o Limit”
Lx=20/5% " xa0/M X
dy du dv
dx = dxTdx
d du dv
e Friaadab rar

Note : (1) This can be extended to a sum of any finite number
of funclions

du dv dw
dx (u PR = dxtax Yax
du dv
2 a“ﬂza—a
du dv dw

(3),:1 @+r—w) = etz —dx
-’Example I. Find the differential coefficient of x*+4x* with

respect to x.
x%+4x3 is the sum of two functions x? and x°.

Let y = x'+x’
We know that, ;
dy _d _ i 4
dx = E(x’+x:’) =" dx (xz)'{"dx (xa)
— 2x114 3x3-1
=2x+3x’.

/] ., dr 1 .
Example 2. Find E(_k +v/x+e )

, 1
_JIE_+ v I+e”is the sum of three functions -x—, yxand e

d
_‘g:_( +¢x+e=) dx( )+dx(1f )+d (c%)
-——‘J;(-"'l)'*‘ "ﬁ(-"'m)‘*' 3;(3')

—(~Dritg X e

= —x V4 ix 1M 4en

1 1
= T atig e
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XYy xe
Example 3. Find the diffcrential coeflicient of ' ;.‘ . with

respect (o x.
AVt 4 xt
Let y o +J:'
dy d d d v d
- 04 1x1-14- 3481
=04143x* (A=)

v 14 x4Xx*

= 1434
Example 4. Find 2 (X+30=%)
d (2x4x%8_ x4 d
& ) - L)
== 0+(—})x‘1f'"—3x'"
1
== —W'—3X'
X —x?
Example 5. Find ?x( x':} - J-‘-—+Iog x )
4 x4x*— -x*
1 dx( Tw THES )= —("“"+""'—J“")+7,?1 log x
= }x-1n 5 ;1
; 3 5
| =g b A A
-~ 1 Wx 5
| R A SR VE RS-
}; : FI:I: :m differential coefficients of the following functions with
1
(1) X'42n, (5) X" +x*R4 540 log x.
ﬁ (2 x40 (6) X —x—x
G +x x®
i ©) N e () 7-“— +log x,
il 4 .l‘ﬂ_.gln.i.xlll
1§ @ PR
-~
&
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Product Rule Ifferential coeflicient  of the product of two
. funchions.
- i w1}
where W =a u(x), v = v(x) be two functions of x.

Let Ax be the increment given to x and let Au, Av, Ay be
the corresponding increments in u, v, y respectively.
Then, Y4+AY = (u+ Au) (v Ar)
L VAN R SUFANTE SN TPaN ++(2)
(2)—=(1) gives
AL SR VALE S VAU R AV VAL

D g Qe oo
-l - A g
dy . AY - AV Au  ANu }
- Limit . es L t 4 v—— 4 =— Av
dx A_‘.'_I: 0o AX A.:n:: n{ u AX AX ' AX
_— AY r Au
= Limit - Limit v —
f\:’"-l-: 0 “ AX ¥ Ax =0 AX
YAY
Limit —=— Av
+ Alrm-:0 AX A
dv du . Limit O\¥ —0
=u - + v dx’ since Araal A% AY

For, A\v — 0 as Ax — 0 since v is a continuous function and
| du

Ix 0=0
d dv du
i3 m(lﬂ') = "”;1"_ +v —d-i:-

=1

This rule is called the product rule of differentiation. This
can be extended to the product of any finite number of funétions.
Notice that in the right hand side cach term contains the differential
coefficient of one function and the other function remains the same.
No function is left *“undifferentiated”. When y = urw where u, v,
w are functions of x,

dy du dv dw
I =™ oa T o T

Note. Suppose y = ku where k is a constant and ¥ is a func-

tion of x,
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dy du
+hen, dx ~ ko TV ax
du .. dk
=g (v &= o)

Thus we have the useful rcsult

d
— k—-—— where k is a constant,
1 (ku) ==

BY this TCSU]t,
2y — —(x?) = 2x = 4
S (27\2) s == (x) 2 X X

?"'_’(_m) - —4 Fd;(x:’) = —4x3x = — 1200

Example 1. Find the differential coefficient of the function
x%.% w.r. to x. The given function is the product of two functions xs
and e*.

. O — Y

d z d z r d 5
o (W) =2 o (e)ter ()

= x5 e*4e7(5x4)
| = x5 ez 4 5x4 e
= e* (x5+45x%).

Example 2. Find qux_ (2x*+5 log x)(3x*+7x%)
ix‘-—(h’+5 log x) (3x‘+7x°)

=.(2x*+5 log x) — (3X'+7-"’)+(3x‘+7.t'}?—(2x‘+5 log x)
= (2645 log )3 X 4x*+7x 3x1) 4 (3x 4 TxY) ( 2x 24 221 )

= (2x*+5 log x)(12x3 4 21x%) 4+ (3x44 Tx¥) ( axy > )
X

oy Example 3. Differentiate e= (log x) . (2x* _!'_3) with respect

-—_

& = '°8¥--(2x'+3)+e=(2r'+3) + (log X)

A +(log x) . (2x*+ 3)—3';- ()
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= e (log X)(dx) 47 (210} 3), l plog x . (2x*43) . e

- ’ .
= ¢ | 4xlog x+ 2'-“_+--3— +(2x* +3) log x }
T ood
Example 4. Find P (log, x)

log,.
We know that log,x = —oor™
log.a

d d (log.x
& 108X = 4, (a—*og,a)

1 d
=Tk " &% (log.x), Refer note under product rule
1
~ loga * «x
— 1_____'__
~ x loga

Problem Set 3(e)
Find the differential coefficients of the following functions with

respect to x.
(1) (a) -g—x. (b) —x. (c) 4%
@) —4xn () 2. (f) Vix.

1
© —55 B g (02

log x

N —%
(2) (a) x8e. (b) x* log x. (c) e* log x.

(d) (X+1) (3x2--2x3). (D.M.S. 1971)

(e) x*.e*.log x.

(f) (2x*4+3x34¢*) (Tx*— 10+ log x)

(2) (=234 7x—9) (5x*—=Tx—12¢/ x) (x*+3).

1
(hy (xw. = ) log x.
.. log x e*
n 5. () 5
(k) (ax*4-bx+ c)(hx®+mx?)
where a, b, ¢, h, m, are constants.

Scanned with CamScanner



et Sl T q

W ———.

e e
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Quotient Rule. Differential coefficient of the quotient of two

functions.
Let y be the quotient of two functions u(x) and v(x).

u
= — s 1
ie. b = (1)
Let ~ x be the increment given to X and Au, Ar, Ay be the
corrcsponang increments in u, r, y respectively.
u+ ) u
Thes, J+AY= S Ay ~2)
(2)—(1) gives,
,_ u+pu ¥
LY = v+ ,\v v

v(u+ Au)y—u(v+ Av)
Le., Y= T v

_uwwtv u—uww—u/\v
v:+vAv
vAu—u/\v
vi4v/\v
o L8 _y L°
s SO SO .\
AX t:4v/\v

v___
Limit DY _ Limit ¢ 0% OX

ax-+0 L% Ax=0 DRI
Limit ( v Q¥ _ A)
a;-:o Ax - AX

Limit (v*4+vAv)
Lx =0

du _, do

g U dv
. dy dx ¥ dx
) dx A
du dv
d(uy_ "d& "&
= 7;(7)" =3
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(! d v
d  (Numerator) () dx (NN, - (N))
dv o Denomunator o

where N, w2 Numerator and D, == Denominator.

Example 1. Find d ( X! )

s de \ x*41
;‘;1 s the quotient of the two functions x*and x?+1.
d d ,,
d| (1) - () —* = (1)
dx ( xipl )= (34 1)
(A1) 3 —xX 2x
S =+
x4 3x2—2x4
(x*+41)t
S
T (1)

Example 2. Differentiate —ﬁ—:—;—g with respect to x.
(B.B.A. April 1971)
F=3
x* +
Applying the quotient rule,
d d
(B 43) (=9 — (= 9) - (4 3)

Let y =

dy
dx (x* + 3
(x* + 3) 4x* — (x! — 9) 2%
T @43
4x8 4 12x* — 2x* - 18 x
B ),
o 2x 4 12x + 18x
T+ 3
; . 2x+3 .
Example 3. Differentiate =Ly with respect to x,
_ 2x+43
L T + 5
d d
dy (e* + 5) -37(2x+ J) — (2% + 3)—3;'(8' +'5) |
dx (et 4+ 5y
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e+ 950 - Q@+ e

(c* 4 5)?
| 5l & A 19
= ____-(-c; 'TS)I -
2 4 3logx ., dy
Example 4. 1f y = x5 find dx
24 3logx
Y= "xi4s
(x? + s)_"_-(z + 3log x) — (2 + 3 log x) d‘(x' + )
dy dx _ & —
Tdx (x? 4+ 5)
(x* 4+ 5) (%)— (2 4 3 logx) 2x
' = (x¥ + 5)3 |
- A x — 6x log x
— x e — -
o - ety
' Problem Set 3 (f)
] 1. Differentiate the following functions with respect to x :
t
g 2% 31 x4 2 x3 4x3 4 3x? 4 11x
{ @572 O 517 O 7@ Fm——s
Lo 1 1 1
_ Onmis D=7 ©® iy
i Tx + 6 N 2x4+3 5x — log x
b MS 1972 R i - .
f* W g OMS17) O T50 () g,
I_? 2. Show that,
b d k k \ ;
| 272 WAG) } = — v [ (x) where k is any constant.
E [ 1ﬂn}
. 'Fmﬂon of a Function Rule or Chain Rule of Differentiation.
This is one of the most important and useful rules,
b | Let x be land, u wheat and y bread. Assuming that for
- :‘z? unit of land (x) we can produce three units of wheat (u) we
. a9 Um 3,

For every unit of wheat
this will be given by,

Y = 20u,

I e ————

(w) we can produce 20 units of bread (y) and
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gy = *| o~ -
—2
log I:{ x —1P(x— 3)'!':]-- log[ (x—2) 1
log (x— 1)"*+lo8 (x—-J)”’-log (x—2)

. ' lo (x-—3)-—2]og (x-2)
log y = 3 log (X~ 1)1 4 log

' ' t to ‘x’.
Diflerentiating both sides with respec

y dx‘ Pl 2(""’

’ ]
- [Z(x Jr"(-1¢--3) x—2
l):”'lx—'3)”’

=2y [ 2(x—1) i "(x—3) x—2 ]

. d x*42 __]
Example 14. Find dx'[ e log x
x*42

*+2 s the quotient of two functions x*42 and e**tlog x.
e +log x ’

Hence,

042 ]_ (e*+log x)— (x’+2) (x*42) -——(e"-}-los x)
¢"+log x (e**+log x)?
(e**+log x) 2x— (x'+2)(2eu+ _%_ )

(e**+log x)?

Standard Form V.

To find the differential coefficient of a* with respect to x

Let y=a* ' ..(]) To find -dl
dx
Then X = log, y from the definition of logarithm.
log, y
X == -
log, a

(2)

using change of base rule.

Differentiating both sides of (2) with respect to <y
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We have, a 1 N D) b
dy = og,a “dy (0B :
; .
YTow. @ g w
But A 1
dx — dv
T
‘ dy 1
T T =Vloga
| ylog, a
dy '
™ a*log,a from (1)
Example 1. Find 22 it y _ 4
y==4&
% = 47 log, 4
E . dy
xample 2. Find = if y=23m
Take mx = u
Then y = 3y, where u = mx
dy . du
T = 3« log, 3, =M
. dy _ dy du
. e = hdr—_3 log, 3xm
= 3™z log, 3. m
= m3™ log, 3
Alternatively,
y = Imz (3-)3
. d)’ - (3.): log 3m
[N dt L]
= 3"* log, 3™ = m3™* |og,’
Suppose  y = 5-* then -j}' = 5-7log, 5-1 since m = —1
X

=L jog, (]
= °3'(‘5')
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Table 1. Standurd Forms

ki dk - (), where k 15 any constant,
dx

4 dd (x*) = nx* !, whcre ais any constant,
X
d ]

3. P

d 1
4, ?; lng,x = -x

5 d a* = a* . log,aq.

dx
Table II. Rules of differentiation.
I dy 1
©odx o dx
dy
d du  dv
“ de (ut?) = dax T dx
d dv du
Y T ) =gty
d d
4, g (ku) = k [f; » where k is any constant.
o _, &
s d(u\_ "dx “ax
T odx 7) - vt

(Here « and v denote u(x), v(x), two functions of x.)
Table I1I. Chain rule and some usefa] results.

1. yisa function of u and u is a function of x,
b _ Ay

dx = du ' dx
2 g S =, ey
g lem =, L
4 A (ogr(ay = 76 A

d
g @) =an lowr L r) (Prove
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P ™\
(310. l Higher Order Derivatives
ps Consider the function,

)| = xﬂ ..,(l)
Differentiating with respect to - 4
dy :
= - (2
dx e e
Since 5x4is a function of x we can differentiate it with respect
to x,
B (5x%) = 5X4x3 = 20x3 (3)
dx” A A
From (2) and (3), we have
d (dy i
o ()= 2

1
—;? (—%‘;—) is denoted by gx{— read as :

“d-squared y by dx squared”. Thisis called the second
order differential coefficient of y with respect to x,. What we have
done is precisely the differentiation of the function y = x5 succes-
sively twice with respect to x.

We now give the various symbols used.

oY, v, y(x), S®(x), D? are the various symbols used to
denote the second order derivative (D’ = d—i:-)

Simildrly j—:{ is the third order differential coefficient of y with
respect to x and so on.

Concept of second and higher order derivatives are needed in
optimization problems which we shall take up in the next chapter,

_AExample 1.

. o dYy dy | .
Find = and s ify =5x3—17x

Yy = 5x-Tx
dy
s = 15x2—7
dty
a:{a
dy
T = 30.

30x
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/ 2y 3
\/E’xamp!e 2. Ify = x ex* find j_,:}z nnd—-jT'z o
Y = xext |
‘f%_ = X.ex2x+ l.ex? =
= 2xZ%ex?{ ox? [
= exd(2x2 4 1) - -
o : 1 sid,
dxt = €.2x(2x24 1)+ ex® 4x
= ex’(4x3+2x+4x)
= ex¥(4x3 4 GX)
dy 2 3
s = e 2x(4x3+ 6x) 4 ex?( 12x246)
= ex’(8x44 12x* + 12x2 4 6) g
= ex*(8x4-24x2 4 6)
de
Problem Set 3 (i)
A ) ' )
(1) Find P for the following functions :
() y = log x. (@) y = x44-3x2 4+ 6x—2
(i) y = 3x—7 (%) ¥ = 5x3._ 6x "
"y = Syx o y =2
(vil) y = x*—5 (viii) y = xe=
(ix) y = e log x. (x) y = x%log x.
(2) Find y,, y,, y,, , for the following functions - }
) y=x (ii) y = x3 :
(Fii) y = 5x4—Tx2 W)y =e*
(») y = log x. (vi) y = e log x

10
(vii) y o +5x=7  (viii) y = xb log x.

(%) y = e-2x (X) ¥y = x? e—x3
(3) Evaluate the second
below at the specified values

cl

order .derivativqs of the functions given
of the independent variable.

(i) y = 2xt—x M 0 nnd 2 4

(1) y =40—4x+x* atx — >
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AN = LM « OM oL
- Ax)-x
- (l.\'.

BN = BM - NM w BM—<AL w D+ A))=ry = Ay.
Let us imagine that the point A is fixed and # moves along the
Curve tuwards 4 ie. the line through A and # is rotating about A.

As B moves closer to A, A\ x becomes smaller. Finally when B
coincides with A, the line through 4 and B takes the position AT and
touches the curve at 4. We have obtained the tangent AT as the limit-
ing position of AB. As A\ x-+0, B4 and the line AB-+AT. Now what
A y

-

(A%

AN

d |
becomes a{- asA\x - 0. But i\—i is the slope of the straight

line AB. The straight line AB becomes the tangent AT when A x — 0,

and therefore g will be the slope of AT, the tangent at 4

happens to the ratio —Bﬂ — % ?7 We know that the ratio

to the curve y = f(x).

At this point we turn the reader’'s attention to article 13
(page 6) where we have mentioned about the variations in the slope
depending upon the positions of the line. If the line is inclined to
the right, the slope is positive, if the line is inclined to the left the
slope is negative and if the line is parallel to the x-axis the slope is
zero. The zero slope concept helps us in the determination of the
maximum and minimum value of a function. For example we will
be interested in the maximum value of profit functions and the
minimum value of cost functions.

[_4-2. Increasing and decreasing functions
Let y denote the average cost and x the out-put and let the
relation between them be,

y o= 40— dx 4 x? wo(1)

Now the question is, does the average cost y increase, or decrease

or remain stationary as the out-put x increases? We draw the
meaningful portion of the curve representing the function (1)

(Fig. 2.)
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L3
L i
i L
2 ; & 9 6 7 8
Fig. 2
The graph shows that as the output x increases the average
decreases. reaches a minimum at ¥ and then starts increasing
’ LS . - | |
Let us graph the part of the function (Fig. 3), which is to the
eft of } Mhe tangent at any point (excluding ¥) on this par
inclined 10 the left and the slope of such a tangent 1s negative
Ad -
| |
!/
he:

Fig. )

‘;“ s Ffd‘!i.ll lhl;‘ l)i.l'l lr’ lhc 'u"(llﬂ" lllg 4] \\.hl\.'h is to the

right of V Ihe tangent &l any point (excluding V) on this part

nclined to the right and the slope of such a tangent is positive
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0 I X
Fig. 4.
These facts can be verified by taking specific points on the
curve like (1, 37), (4, 40) etc.

y = 40—4x4x?
dy
E = ~4+2x
(j-‘l’) = —4+2=-2<0.
dx )a, 37
. d — _448= 4>0.
dx )(4. 40) *
Thus we say.

(i) If y = f(x) decreases as x increases at the point (x, »)

then -gz— < 0 at (x, y) and conversely.
X

(if) If y = f(x) increases as X increases at the point (x, y)
then —di > 0 at (x, y) and conversely.
x

=

J
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At the point V the tangent is neither inclined 1o the rigy, Neyg

to the left.  But the tangent is parallcl to the x-axis and it $1ope i \
. qm;h points are called the Stationary Points or FExtrome

Points or Turning Polnts of the | unction y == f(x).
ixample. Determine whether the following curves tige .
fall at the given points. Also find the value or values of r whiy
gives y a stalionary value,
(1) y = 2x*—6x42 at (h x =2 () x = 1,

(2) y = x*—3x"4-5 al (i) x = | (ii) x — 4
(N y = 2x?—6x412
g'l" - 4x—6.
dx

Y 0
At x =2, s faa

i.e., ¥ Increases as x increases from 2.
i.e., the curve rises at x = 2

At I::l, -—--*‘-'-‘4-—6==—2<0
i.e. y decreases as x increases from 1.

ie. the curve falls at x = 1.

Now -i';==01f4x—6=0 i.e. atx=-§——_-
dx

r| L

X = -32— gives a stationary value to y.

(2) y = x¥=3x245
dy
.:f—x = 3Xx?- Ox.

dy
(?.{'_),;_1 =3—-6<0
The curve falls at x = |
dy
( g2 )134 -48—24 = 24> 0
The curve rises at x = 4,

dy |
=0 if 3x—6x =0
X

Ix(x—=2) = 0
‘-fa X == U or X = 2

Thus there are two values x - 0 and x = 2 which make ¥
stationary,
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4
MAXIMA AND MINIMA

pition: Afunction y ={ (x) is said to have att
ained its Local M
= b if the function ceases to decrease and begins to Increase i:tlr:u:n t:a:: :r:t
’ e

neighbourhood of x = b,
A

Suppose let us consider the graph of a function of x as given above. The points A

and D are called the Local Maximum points of the graph, and the points B and C are
called the Local Minimum points. The values AN and DQ are called local maximum

values at A and D respectively. The values CM and BP are called local minimum values
at C and B respectivelv.
Note : It should be carefully noted that according to the definition given above, it is clear

that

(i) the ‘local maximum® and the “ocal minimum’ values of a function does not

mean the ‘greatest’ and the ‘least’ values of the function.
ave several local maximum and local minimum values.

(i) the function may h
o maintain tops and the minima

(iii) in the shape of the curve, the maxima are lik

like valley bottoms.
4 aximum or minimum values are

(iv) the points at which a function have a m
turning points.

called
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(v) The maxima and minima points of a function are also called as extrem,, -
of the function.

Criteria for maxima and minima

(a) Suppose a function y = f (x) has a local maximum at x = a. Then by,

- iust precede ‘a’ and is a decy
definition, it is an increasing function for values x which justp ea%lrr,

- OV e o
function for value of x which just follow ‘a’. That is, its derivative " IS positivg ¢,

values just before ‘@’ and negative, just after ‘a’. Thus atx = a, it changes its sign f,, "

Y & = a (the tangent is
positive to negative and it is zero. Hence 5 = 0at x =a (the tang paraligy,
positive to negative in y,

ing from
x -axis at x = a). As well, the value of o is changing i1

neighbourhood of ‘a" and g-): in a decreasing function. By the definition of decreagi,
X

= gty
function, its derivative, ;2- is <0,

2
d y
Hence for maxima, (i) 71% = 0 and (ii) = 3 <0.

(b) Suppose a functiony = f (x) has a local minimum at x = b. Then by definition

it is a decreasing function for values of x which just precede ‘b’ and is an increasing
P . dy _

function for values of x which just follow 'b’. That is, its derivative = B negative, for

d
values just before x = b and positive, just after ‘b’. Hence EI—::L = Qat x=Db (the tangen

d ‘ '
is parallel to x - axis at x = b). Also, the value of a{- is changing from negative to posit®

d = "
in the neighbourhood of ‘b’ and a% is an increasing function. By the definition of increasn
2

d
function, its derivative Et% is >0.

Hence for minima, (i) S- = 0 and (il % >0.
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3

M rule for finding maximum and minimum values of a function

. Find % for the given function y = f(x)

S Find the values of x, say a, b, c,. . . which make - =0
gtep : dx
d?y

e
- v : Put x=2a |n'd';“2" . If the value is negative, the function has a maximum at

x = a and maximum of y = f (a). If the value is positive, the function has a
minimum at x = a and minimum of y = f (a). Similarly test for other values

b, c, . . . of x found in step |I.

d?y a’y d'y
stepV When '&5 = ( for a particular value x = a (say) then find s pw R and

put x = a successively in these derivatives.

MISCELLANEOUS ILLUSTRATION :

llustration 1 : | Find the maximum and minimum values of x3 —3x* -9,

L

Solution : Let y= x> — 3x°

B e (x3 -3x% -9)

dx dx

~ 2-1 = 2 _6x
—(x3)3——(x) —(9) = & -3 270 ox

oy d (3x? -6x) = 3_9_(x2)a6-—q-(x) = 3.2x*'-6.1 = 6x-6
dx? X dx

For maximum or minimum, & = 0
ie. 3x?-6x = 0

x(x-2) =0
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gx . R=g .0
x =0 X = 2
d’y
When x = 0, ax? =6(0) -6 = -6 (negative).
: dy d?
. The function has maximum at x=0 since -~ =0 and " Y
i t? <O
’ ~. The maximum value of the function = (0)- 3 (0 -9 = _g
2

d%y
When x = 2, Ex_z = 6(2)-6 = 12 - 6 = 6 (positive).

d
. The function has minimum at x = 2, since d_z = 0 and ___yz_ >0
dx '

~. The minimum value of the function (2)° -3(2)* -9

8-12-9 = 13,

lilustration 2 : Find the maximum and minimum values of 2x® +3x? — 12y g

Solution : Let y = 2x3 +3x? -12x-6.

dy . o d .y d
a Zd—x-(xa)-r 3-5;()(2)—12&()() dx(ﬁ}

2.3 74+3.-2x*7-12.1-0 = 6x% +6x-12

2
gy E‘“';(r;sx2 +6x-12)

dxz
’ & 6.9 (2)s69 -2 (12 = 622 +6.1-0 =
dx? dx dx dx

For minimum or maximum, -g;):- =0

6x%2+6x-12 = 0

6(x*+x-2) = 0, since 6 « 0, X2+x-2 =0
X2 +2x-x-2 =0
X(x+2)-1(x+2) =0
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(x-1)(x+2) = 0
’.180 X+2 = 0
x=1 wi & Q

d?y
when x = 1, a;-z- = 12(1) + 6 = 18 (positive)

o

2
~. The function has minimum value at x = 1 °--g=o.ﬁo g_;)o
ax )

| - The minimum value of the function = 2.(1) + 3(1)f - 12(1)-6 = -13

dz
when X = -2, a’;; = 12("2)"‘6

~-24+6 = -18 (negative)

- The function has maximum value at x

l .. The maximum value of the function 2(- 2 +3(-2P -12(-2) -8
1 _16+12 + 24-6 = 14

n

miustration 3 : Investigate the maxima and minima of the function
ax* +16x> +18x? + 20.

Solution : Let y = 3x* +16x> +18x% + 20

3..9_(;(‘)416-‘—%(: +18——(x2) ' (20)

" 4-1 3 48!2+351
3-4x‘"‘+16-3x3‘+1a-2u +0 =127 +

By | 2. 2(0)ca8 b )65 ()

—-—.

2 2 ,06x+36,
= 12-3;"'+4a-2x“+35-1 = 36x% +

: dy
~ For Maximum or Minimum, o =0

8. 12x? + 48x? +36% © 0

12¢(x? +4x+3) = 0
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12%(x* « 3% + x + 1) = 0 12x = 0 X = ()
X(IX*J)+*1(x+3) = 0
(X* 1)+ (x+]3) = 0
iIxX*+1) = (0 (x+3) =0
X &= 1 X = 1 X =
ad“y =4 :
\n\ hen y = 1 — - - 1h 1\& s US| )
Ox “
= 35-96+30 = - 30 (negative
dy 3
.. 8 and
The function has maximum value at x = -1 dx

The maximum value of the function = 3(-1)

= 3-16+18+20=25
d?y ) . -
When x=-3 - = 36(-3)° +96(-3)+36 = 324 -288 + 36 =
X
:, - ANK

The function has minimum valueat x = -3 K Sree

" 4 o) . ] '|-: p
H-3)" + 16(-3)" +18(-3)° «

The minimum value al x= -3

243 - 432 +162+ 20

1]

y .
When x =0, dx? - 3&0)2 +96(0)+ 36 = 36 (positive)

The function has minimum value at x = 0

The minimum value at x = 0 = 30)* +16(0)° + 180) +20 =
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"y De the highest (lowest) point in its immediate “‘l‘h;.;: e
but there may be higher (lower) points on the curve Outside =
neighbourhood. the
Step by Step Procedure to find the Maxima and Minipm,
Function of one Variable of

(1) Find X for the given function y « f(x)

(2) Find the value or values of ¥ which make

dy n
de 7ero. |

e
thm l‘c ‘j. r.. I..

: d*y
(3) Find dd

(4) Find the sign of ;;—f N Xy By oo
which of these x,, x,,

resees MAXIMise or minimise the
function.

and hence decid,

(5) Find the maximum and minimum values of the function
by substituting for xin y = f{x) by choosing the suitable
value of x from x,, x,, x,,

Sometimes, by the very nature of the problem, it will be clear
whether the value of x which makes 2.

7 270 maximises y or mini-

mises y. In such cases there is no need for the second derivative
test.
We tabulate the result as :
Maximum Minimum
s dy dy
Necessary condition ?x—-o HE-O
Sufficient condition %-0;%(0, z-o, ?;;-;-0

In Economics ;i-'— = 0 is called the first order condition and
g's 0 is called the second order condition for the occurrence of
extreme values.

" Example 1,

Examine the cost functioh, y e 404y 4 x* for
maximum or min

7‘} - 442 (@)
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dy
S =0 i 42 =0

X == 2
Differentiating (2), with respect to x,

d'y
- 2 > 0 always

+ x == 2 makes v, a minimum and this minimum value of y
is got by putting x = 2 in (1).
youm 40-4X242" = 40-844 = 36
Example 2. Examine the function y = 2x" - x* - 5 for maxi-
mum and minimum.

y=2x*—x%45 1)
. e A2
= 4x—3x? (2)
% = 0 gives, 4x—-3x*' =0
ie. x(4=3x) =0
4
x =0 or 3
Thus x = 0, and x = ; are the values of x which make y an

extremum. (These points are also called critical points).

Differentiating (2) with respect to x,

dy B
JF—4 6X

d*y
= = - -_..-4}'-0
At x 0, 7; 4-0

+ x = 0 makes y a minimum and puttiog x = 0 in (1) minimum
value of y is 5.

4 d*y R 0

So X - -;- makes y a maximum and the maximum valve is ob-
tained from (1) by putting x = ;
4 \ 4 \' 32 64
e ’(T)" (T) $S mage= gy ¥
167
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126 An Introduction to Business Mathematics

Example 3, Examine for extrema, if any, for the function
Y = x%45x*4.6. (x 15 real).

% - Sx04 152 |
% = 0 gives
Sxt415x* = 0
Sx¥x*+.3) =0
x = 0.
Since x is real
x4+3£0
d*
i ‘7&{_ — 20x* + 30x Fig. 10.
d'y
‘| When =g, gl =0
- li_:':f = x (20x*+30) and is less than zero if x is less than zero

2
Also i'f is0> ifx > 0,
dx*t

d* : .
Hence —d—;:f changes sign when it passes through x = 0.

Hence x = 0 is a point of inflexion. The graph of

Yy =x545916
is given in Fig. 10,

Problem Set 4(b)

. Find the turning points of the following

. functions and
determine whether they make the function maximum o

r mimmum
(@) y=27-x, (©) ¥ e kxe—x*
(b) y= x4x (f) y = x0_6x
-k
(c) y=k 2) V= (2—x)l+(3_x)t+(5_x)n
(d) y = 2 x¥e-s,

Scanned with CamScanner



e ——

~
130 An Introduction to Busineg, Mat
“hemay,
Note : 1. Is the second derivative test necessary g
25 1/3 p Ove thﬂt
= | — ) minimises §? Is it not obvious from Practicy|
derations ? o
2. If the box has a lid,
\ j= 2nrh 4 2nr?
~ Example 3. A box with square top and bottom i to be g,
to contain 250 cubic cms. Material for top and bottom Costs R: s
per square cm. and the material for the side costs Re. | per quaz
cm. What is the cost of the least expensive box that can be mMade "re
As the base of the box is a square, the dlmensmﬁs c;éﬁ be taken
as x, x, . Then the volume is A o
x%y and x?y = 250 /onath : U w1
Let C be the total cost. v -
The area of the top and bottom |+ -
= 2x*sq.cm. oy
Cost for the top and bottom . (
= Rs. 2x2x? =Rs. 4x3
The area of the 4 lateral sides
= 4xy sq. cm.
Cost for the 4 sides = Rs. 1 x4xy
' = Rs. 4xy
T C= 4x’+4xy =42

L.
We have to minimise C in (2) sub_lect to the condition x2y = 250,
The expression C can be made as a function of single variahle using
the condition (1).

From (1), we have

Using this in (2),

e oL T

250

fE’ = 4xV4 dx S
f _fjtzf%J (3)
—d‘!x—c - sx_L'x?O
_ g}g = 0 gives, i ‘
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Optimization
1000
8x— = =0
8x? = 1000
x3 = 125
xX=35
d:C - 2% 1000
Rk

Thus x —-5 minimises C.

Substituting x—5 in (3)

Cmin = 4% 25 +—'5—‘

100 + 200

Rs. 300

1000

131

=~ 0 when x = 5.
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Example 5. The production manager of a company plans to -
include 180 square centimetres of actual printed matter in each page
of a book under production. Fach page should have a 2-5 cm. margin
along the top and bottom and 2:0 cm wide margin along the sides.”
What are the most economical dimensions of each printed page ? / - 7

Let x, y be the length and breadth of the printed matter in each
page. Then,

~
F1

&
h L~
b F

xy = area of the printed matter -

xy = 180 (1)
After taking into consideration the space proved for the margin
the dimensions of each page are x+4 and y+35. § G 06 B ey
Let S be the area of each page. Then,
S = (x+4) (y+5) e(2)
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Optimization ‘ \ - O

We have to minimise S subject to the constraint (1),

Nove S = xy45x+4y420
= 180+5x4 4% _129_ +20
72
= 5x+-—5cg+2oo
K o
@« _ 5_ 120
dx — T x ‘
s 720
= O\gwes, 5— & = 0
ie., 5x—720 =0 _ , X
¥ =144=122 ) =7¥2, &
x = 12, disregarding the negative value. ('f__! o B :
i
£,S'=' 2>izzo >0, when x=12. it
Therefore x = 12 minimises S. | t
Putting x=12in() , = 1_;8%)._;15
Thus the most economical dimensions are,
Length = x+4 = 16 cms.
Breadth = y+35 = 20 cms,
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257
MAXIMA AND MINIMA

; inimum
Show that x® -~ 3x? +3x + 7 has neither a maximum nor a min

&
||Iu-'v¢f"“‘:'l1 value on the real line.

Let y= x3 —3x%% +3x+7

[ullon:
Uy - Ld)-32 )43 0+ Ay
dx dx dx dx dx
= X1 =3.2%x*1 43140 = 3%% -6x+3.
d?y  _ --d—x2 -6-—d~x -d—3
-z - il i A

3.2x21-6.1+0 = 6x - 6.

or maximum or minimum, -g% =0

i.e. 3x2-6x+3 = 0
3(x2-2x+1) = 0
=5 xZ-2x+1 = 0
x2—x-x+1 = 0
x(x-1)-—1(x—-1) = 0
x-1)x-1) = 0

x—1 =0 x-1 =0

X =1 x =1

d’y 0 (neither positive nor negative)

W = —-—'=6(1)-‘6=
hen x=1, dxz

i inimum.
*. The function has neither maximum nor min

We: x=1s a point of inflexion
— %= 1is a point of 1=

" = 1
4 3 _30 has a maximum when X ,
m“‘ﬁation B Show HE X —5x_-;53>:1d neither when x =0
a minimum when X =

. 3
Mutlon ; gt y = x5 - 5x* +5x” =30
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DUSINESS MATHEMATICS

238
dy a5, 594y, 5%x*)-(30 MAXIMA Ay yg
I o A%y -5T(xt)+5—(x") ) 1A,
dx dx dx dx dx Y @y ) : %
e 5x51-5.4x*1+5.3%1-0 = 5,(4_2‘:‘,”51(2 when X dx2 -~ 20(0) 800 4300 = o e
. 3,
d? d d d, 2 &y
m—; = 5 (x)-20 L (xT) 15 5 0F) o = S0P -1, 4 L —
= 5.4x*1-20.3x31+15. 223" = 20x7 =60x? 4 39, . when x=0, %% =0,
dy PUE Ry R L " at x =0, the function attaing ne;
aF = W5 00)-802()+ 305 (%) e Peither maximum nor mirimum and is & poirt of
= 20-3x*1-60-2x¥1+30-1 = 60x2-120x 439 r'
I'Mnﬂ: Show that the curve y zl-‘-%h&sm and oo
For maximum or minimum, ] =0 1 i
dx nt Y= x+;=x+x
le. 5x*-20x+15x2 = 0 - - 4 P
5x3(x?-4x+3) = 0  5x2=0 ax=o % PR el Bl weer & o
x
x?-3x-x+3 = 0 d?y d d
2L - -2 - 2- 2
X(x-3)-1(x-3) = 0 re Sl U B R =
(x-1)(x-3) = 0 i
(x-1) = 0 x=3 =0 Fﬂﬁlﬂﬂﬂ'llﬂ“ﬂ'ﬂ'“lﬂ"'ll.ll’ﬂ,a:ﬂ_
Hx =1 AX =3 1
X A 1--;;= 0  (Gross multiptying).
dzy 5 2 I! -1 = 0.
When x=1, —5 = 20(1)" -60(1)* +30{1) = - 10 (negative).
2z 2
- ! (x+1) (x=1) = 0 [{uhm-b)--‘-b]
dy d?y
. The function has maximum at x = 1 '-'E'n and EEW x+1 =0 x=1=0
4 Ay = =1 x =1
d’y 3
When x =3, —= = 20(3)° - 60(3)% + = % - 2 2
52 = 2000 -60(3)° + 30(3) = 540540 + 80 = 90 (Postiv) —_— flzf. - Tt ot -2l
2 dx - \d"" 0\
d! ve——
. The function has minimum at x=3 ¢ [‘.‘%:0 Sﬂda'z—"u & mmmmmmmﬂ!’-“ !
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60 BUSINESS MATHEMATICS

2 2
When x=1; g—-x% EP_ = % = 2[FOSH.WB}

The function has minimum value at x = 1.

i i intand x = —1is the i
s x = 1 is the only minimum point and x only maximyp, ..

rqtqb

Note : The function is nol continuous at x = 0 and continuous elsewherg
Nlustration 7 : Find the maximum and minimum values g th
. e fy

1.3 A3
= —X" ——x*-6x
r=3" "2

Solution : Let y = a-! --x°-6x
gy 1.d.,3,_1.9.2 .9
& ® gEtlrmErrtgt
= -}-3:"&3'-2::“-5-1 = x®-x-6
d2y d,, d d 21
—_— = — e -—(6 = » -1- = -
e dx(!l dxm dx“ 2-x 0 D1,
9 _
Far maximum or minimum, e 0.
lLe. x2-x-6 = 0
x?-3x+2x-6 = 0
x(x-3)+2(x=-3) = 0
(x +2)(x=3) = 0
x+2 =0 x-3 =0
‘X B =2 X =8
d’y :
When x =-2, dx_"' = 2(-2)=1 = =5 (negative).

The function has maximum at x = -2,

M

~

Max
XIMJ\ AN .\\INN’\

w1

1
maﬂ'l‘"U"" valug = -(_.2}!! - l o
g d?y ! 3+ "y .2
s 3
% =3, 2 = 2(8<q =
wher dx Bl-1 5 (posityg

The function has minimum atx=q

oy = Y 1
The minimum value 3(3) _5{3.'1 63 -

ri
“%
State whether y = 1 5 138
5§ T3 *¥-9 has a maximum or
e values,

gustratio 3
a minimum valug, Fing th
1.5 13x?

- = =X~ -
solulw" S

+36%-9,

dy _ 1.9d.;5, 13 4
= = pHm a0t S
dax 5 dx 3 X P BE0- )
1 .59 13

= g5 —E-Sxa‘1+35-1_0=‘4_13!z+35
d?y d 4 d s d
—_—t = —(x")-13— —_
g i R D BT

= 4x* 1340 = ad-26x
dy _
el
xf-13x?+3 = 0

0

For maximum or minimum,

i.e.

xd_ox?-4x?+36 =
x2(x? -9)-4(x* -9)
(x? -4) (x* -9)
(x2-4) =0 (-9 =0
2= 4 =9

"
a @

X

T S
+2._2‘+3‘-3.

>
n

>
L[]
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BUSINESS MATHEMATICS

2
When x =2, :T: = 4(2)° -26(2) = —20 (negative),

.. The function has maximum at x = 2.

132
The maximum value at x=2 Is g'm’ 3{ > —3 —*+36(2)-g . ]
15"
2
When x=-2, S = 4-2'-26-2) = 20 posiivo)
-~ The function attains minimum value &t x =—
The minimum value x=-2, is%(—zl L 2} —5 —+38(-2)-9 . _my
‘--..
d’y 3 -
When x=3, P M 4(3)° -26(3) = 30 (positive)

.- The function aftains minimum value at x = 3.

'!'I'N!ﬂ'ail'niml..vfz']\m‘l.loa!M=3isé{-".l5 13(3, 1 4+36(3)-9 = 198
=

dz_'f 3
When x=-3, 2 = 43 -26(3) = —30 (negative).

-, The function has minimum at x=- 3.

The maximum valus at x= -3 Is 3(-3)° - 143 3’ 0 +36{9)-9 x <

Hlustration 9 :  Find the extreme values of the function x2e~*.
Solution : Let y = x%e™* =u-v

ﬂ - X _1 2 2d, .« : dy d d
& TN RET] v

= e 2x4 x%(-07%)
= 2xe7* - xle-l’ = g“{zx_xz)

d’y -
e s (2x - Jtz}] (Zx—xzji{a"he"%{zl'ltl

= (- x’)t-a"h e%(2-2x)

_

MAXIMA AND) 4 i

263

maximum or minimum dl

For " de =0
e *(2x-x?) = 0

et = g
(2x-x%) = 0 9 s
x{2-x%x) = 0
x =0 2"(:0:.::2
X T @02
d?
when x=0, _! 2
dx

lo)-(o2) (” "'n\} + ek - 20) = 2 (postve)
- when x= 0, y attains its minimum.,
Tne minimum value = (D)2 = g,

gy

when x = 2, 2

l2)-@) (- &) + e 2le - 22)

(4-4)-e?)re(-2) =
+ When x =2, Yy attains its maximum.

-287% (negative)
:. The maximum value = 2267 = 4e2

jlustration 10: Find the maximum and minimum values of f(x), whare
f(x) = (x-12(x+1? (LCWAL June 18T4)
Solution : Let y = (x—1)2(x+1)}

d
- R b L)

= (xa NP 2Ax-1)+(x=13csW?
= (x+11’(x-1{u+1}2+(x-1p‘,

(x+ 2 0x-Max +2+3x=3]

(x - THx + (sx -1
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BUSINESS MATHEMATICS

a2

Mr'\i-(lMA. ANy LIRS
y d d = 5 .”M m
ax? tx-t)cx+1}Iaisx—ﬂ+{x—1){5x-1)d—;u+1} +(x+ 1) {qu}&{ ie. P = (3.x). noo.ums"f;
di % e
= rx-1)(x+1_r-'.5+{x—1]{5:-1)-2{:{+T)+{x+1}2t5x-1).1 | ’ , ma‘ulms‘tl-
For maxima or minima, :_:F =0

Profit is the function of Number of

. dp
(x=1)x+12(5x-1) = 0

Gﬂsprr,:u-—}_.,i_
1(3
X T ge T 100-0.01542

)

1
=R Sk e

_d. d
3 dxtk']-._.dx[
d’y

100)-0.015.9 (2
ux{x )
When x =1, -;2— = 0+0+4-4 =16 (positive) = 31-0-0.015 421 5 S
-~ x =1 Is a minimum point. Minimum value = 0. dp _ d 5
d?y dx?  dx
When x=-1, dx_z =0+0+0=0

_ 4 d
) = -0 "03—(x) = -002 (negative).
. X =~ 11Is a point where there is neither minimum nor maximum,
inflexion.

dj
Fumaximum or minimum, EE =0
IHSaMmH
3_0"}3:‘ = 0
-003x = -3
1 d¥y _1Y38 9
when x = 3. $4 - (3] Fp0r0 = <o 23
AR E e = 100
; - 0.03
X = Elsamaxlmurn point. .
When x = 100; — = -0.03 <0.
1 f 1 ! 4 4 6 2 dx?
= ==1 —+1 = S b
The maximum value [5 ](5 J { 5] [5J

Therefore it is concluded that profit will be maximum when 100 pleasure cars are
| produced.
_ 16 216 3456

25 125 3025

- Maximum profit = 3(100)-100-0.015(100)?
= Rs. 50 lakhs.
lllustration 11 :  For a firm under perfect competition, it is given that price of a caris

Rs.3 lakhs and cost of production C = 100 + 0.015x2. Find how many pleasure cars

be produced to maximize the profit?. What would be the maximum profit?. What woud

When x = 150; The profit = 3(150)-100-0015(150)" = Rs. 125 lakhs.
be the profit when number of cars sold is 1507,

i i Rs. 300 — 2 » each.
lustration 12 : A producer can sell x units per month at a price of R
The cost of pmduci:Pun worked at 20 x + 1000. Find the number of units 1o b‘a“produc;admm
Solution : ; s0 that the profit will be the maximum. Also calculate the expected maximum Pre:

Given : Price per car = Rs. 3 lakhs; number of cars = x; Total cost = C:

Solution : Given : Price of acar = 00-2x%; € =20x+1000;
Profit

produced = x.
= Total Revenue - Total cost

——T—T T S
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166 BUSINESS MATHEMATICS

Total cost = 20x + 1000.
Profit = Tolal Revenue - Tolal cost

,.{3m_z¢;—(20x+10001
300x - 2x?-20x-1000 = 280.1(-2;.(2_1000_

r-
o
]

d d
% = 230-%(:)-2-7&(:(’)—3;(10001 = 280-4x
d?| d d
SF = P04 = 0-41 = -4 (nogative)

d
For maximum or minimum, Ep = 0

280-4x = 0
4x = 280
Lx = 280/4 = T0.
2
_"_qu_

When x = 70, ax?
. The profit Is maximum when the number of units produced is 70
- The maximum amount of profit = 280(70)-2(70)* ~1000 = Rs. 8800,

Ilustration 13 : The cost funclion for producing x units of a product is
C = x® -12x2 +48x+11 (in rupees) and the revenue function is

R = 83x-4x? - 21. Find the output for which profit is maximum.

(1.C.W.ALL June 1986)

Solution : Given:R = 83x - 4x2 - 21; C=x®-12x% +48x+11
Proft, P= R-C
le. P = 83x-4x?-21-(x-12x? + 48x +11)

P = 83x-4x?-21-x%+12x% - 48x-11
P = -x?+8x?+35x-32.

May
LTy ANTy Minig,
dP

iz d
d = .____(’; d
X dx ]+a-al"2|‘35.d &

E:M_E;m‘

= =gt +18x4 35

d?p 3
—— = <38
dx? i PR I
dx o {x)+ "u_,.m‘
= =8x v 1,
dp

For maxima or minima_ 2 _
"ax - O

-3x? +16x+35 -

= 3 -16x-35 =
3x* -21x+5x-35 =

I X=T)+5(x~-7)
Bx+5)x -7

3x+5 = 0. X -7
3x = -5 ix

" n
c @ o @F

Won
=

wlen

*EX = -

5
Since x = =3 is not admissible, production quantity should ba positive

3
Lx=ET.
d’p
When x = 7, 'd";'f = -6(7) + 16 = -26 (negative).

. Maximum profit is achieved when the output is 7 units.
». Maximum profit = (-7)® +8(7)* +35(7)-32 = Rs.262.

llustration 14: A certain manufacturing concern has the total cost function
as C= 15+9x-6x% +x>. Findwhen the lotal cost is minimum.

Solution ;: Given C = 15+9x-6x’ +x’.
where x denole no. of units produced.
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i number
Cost is the non lingar function gj-’ A

change In cost is the function of rate

d 2y, 903
d P! (x)
E g %(15)+9-—-dx(x)—"' ) o

"

= g-{2x+3x%

d, 2
o | gz 23 gt
2 dx

dx

= -12 + 6x.

dc

ini — =0
For maximum or minimum. 5.

aw?-12x+9 =0
3.(;;3-4:(4-3) = 0.

x2-3x-x+3 =

x(x-3)-1(:—3] =

(x=1){x-3 =

x=1 =0 x=3 =
sx =1 Lsx =3

2,
When x =1, f_: = §(1)-12 = -6 (negative)
X

- Cost is maximum when x = 1.

When x=3,

2
d—: = 6(3)-12 = 6 (positive)

dx

. Cost is minimum when x=3.

. The optimal production quantity Is 3 units’

of units produced. That is g,
units produced.

polties manufacturad and sofd.

MAXIMA Avp MINIM A "

15: The total
,,.;.u:uon Prafit y in rupees of a drug company from the manufacture

and sale of x g a
dmgbuwesmgwenh, y = ':nn"z“ao'

ny drug botti
e T:t:e “;fm ety Company sell to achieve the maximum profit?
what profit per drug bottle whep this maximum is achieved?

{C.A., Nov. 1985).
2

golutlon : Given ¥ = -2 9 gg

400

The rate of changs in profit is the function of rate of change in number of drug

A 1 4 d d
Tax T Ta00 & g 0- 460
= —_1_. 241 %
= ~q05 > +21-0 = e
dy _ 1 d d X
a? - 200 @ = -gpp (negative)
" dy
For maximum or minima, e =0.
X - x+400
—Z42= a _
2W+ % 200 = x = 400.
d?y 1
E — =-— <0
When x = 400, o 200 <

- The company get maximum profit when sale is 400 batties.

2
.. The maximum profit = —-'t:ggl +2(400)-80 = Rs. 1120

. 1120
(ii) Profit per drug bottle = 00 - Rs. 2.80

Scanned with CamScanner



m BUSINESS MATHEMATICS

m

d’p

Nlustration 16 : Undorpufadmmpcﬂﬁoﬂ.ﬂ'ﬂpmofilwhﬂsbeanﬂm“m
-8
' hen @ =1, — _
W a7

1
The total cost function of a firm Is given by C = 39° ~53° +15a+10.Fing g ~201),
U, 102 8 (gonte)

of toys produced at which t will be maximum. Also calculate the amount ’ Is mini

profi m nmma"il'num . The profit :mnlnm-n“hmh -

profit. & Oty 4,
when g =9, —_ _ -2

:Price of atoy = Rs. 6; no.of loys produced = g, dg? )+ 10 -

Solutlon : Given
Profit = Tolal Revenue - Total Cost. - The profit is maxim
umnhanthaommum_
1
P = 6 -[_ 3 - =+15q+1u] The maximum & sk
9-139 5q profit (8) +5(9)? ~518)-1q - Rs. 71
) 1 _ 13 inal cost : Marginal cost |
P = GQ-503+5t|2*15q-‘° o5 +59% -9q-10 change In volumo, Inmermm':;ﬁﬂ'“ﬂ""mmunoimm
mmpsdtodungelnnumbardunmmz;de‘mﬂmdmIru:d
o ‘g 4 o a function Is nothing but the function of " - Henca first derivative of a cost
® o 18y @0 Lg-Lao) e
o = 3dq(q}+5dq( ) dqq P
Forexample, if y = 4x¥ _3x2 .7
I .
s '%'Sq"'+s-2q"’—s-1—0=-q’+1uq—s. where ¥ s cast and x'is the quanity (te. cost s a function of quantty), then,
marginal cost function = %:;' = Ei—t-i:"-sxhﬂ = 127 -6x
d’p d, 2 d d
? = -d—q{q )+|U'E(Q)—E(9)= -2q+10. ST The
d Average c(.) cotlhnulnnp«unniscallsumagamlfctu}hnw
X
& cost, then % is the average cost.
For maxima or minima, — = 0. i
dq
B S — lustration 17:  The cost function of afirm is C (x) = 300x - 10x2 +%:’m
q2_1m+9 = 0, = qz‘-sq—ﬁdnﬂ‘ = 0. X stands for output and C for cost. Calculate
(i) the output at which marginal cost Is minimum.
= q(q-9)-1(q-9) = 0. (1) the output at which average cost Is minimum.
@-1)(-9) = 0 G
q-1 =0 q-9 =0 Solution : ¢ = 300x -10.1:20%!3.
~q =1 Lq =9
() Marginal Cost function (mc)
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m -
. d, 2 1 d
d L g
g - K 300 o (0= 10 e
1 4231 m &
o 500 1o i, T G =g
d
Differentiating mc = E;{mc}
d d
d - 20 —(x)+ — (&*
- d_;{_-;go} 204 (x) a9
= 20+
d d
d?me d - —(20) + 2 — [x) =
fme 4 _ppe2m) = 2 (posy
ax? = ) dx dx (Positg)
dme
For maximum or minimum, —5.= = 0-
20+2x =0
2x = 20
~x = 10
d’me
When x = 10, —= =2>0

dx

. Marginal cost is minimum when the output is 10 units.
3

(i) Averagecost y = —— = — x 3x
2
X
= -10x+—,
300 X+ 3
d-= d d id 2
e = —(300)-10-—(X)+=-—
dxm dx;a )-10 dx(xhs dx(x )

2
= -10+-
-isﬂ.

MAXIMA A
D MiNiva m
dty 4
o T =—o.2d 2
_ dx 3 6:(1‘ =3 {positive).
F‘Mmmmm\m dﬂx =
i
-10+-3.)( = q
2
3‘4 = 10
X = 1III-§2 = 15,
d?y
when x = 15 -:.;Z—*E-:-G.

;. The average cost Is minimum when the output is 15.

The cost function of Raman & Go is ¢ = x* -3x? +3x where ¢
represents cost and x represents quantity. Find

(i) the equation for marginal cost function

(i) the output at which marginal cost Is minimum and

(ill) the output st which average cost Is mintmum.

Ilmﬂoﬂ 18:

golution : © = x° -3x% +3x

() Marginal Cost function (mc)
dc

43 o d s o 4
i dx(x} 3 m{x)+3 m(*)

= M o343 = a?-Bx+d.
d
(i) Differentiating mc = E[mﬂ
" 3.%{;’}-5-%lx}*-}1{3)

- 3‘2"27\_5.1 = 6Bx-6.
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.\h«.):.\p\ AND
T WMiniags
173

%?;E = Bld-%{x)—d‘%w] = 6 (positive)
For maxima or minima, d—";c' = 0.
6x—-6 = 0
6x = 6
Lxo o= 1L

d’me
When x =1, ——=6>0
dx?

~ The marginal cost is minimum when the output is 1.

i - c x? - 3x? + 3x 4
(ili) Awverage cost y =z = = = x* -3
& . 942)-3-L-3) -
ax HxE 1 FOrE = -3
d?y d d
I E Egegs = 2. (positie)
dy
B = =
y equating & 0
2&x-3 =0
2x = 3
x = 32
3 d%y
Whanx =2 3 d?=2)0

.. Average cost Is minimum when the output is 1.5 units.

A Silar manutacturer res . ne |

’“.“grl 12 & h
b B Can el x siare pur woak at'p
gachwhers 5x =378 T gy o ( i
y Htulproducion s | 500 + 122+ =% | jupees
that maximum Profitis achisver when 1. ‘ o
gﬁ" : % BIOdLLlon and sale volume is 30 sltars
. Given 5% = 375_13
jon - ’
50‘“1
375 - 6
i 3
. o 375-5x) 5 3
Hence total revenue = x.p = “.( | = 128x- 29
L 3 ) 3
Prefit = Total Havenus - Total Cost

&
P o= 126020 - (5004 130+ 12)
-

- 5 H
P o= 125c- ot —500-131—%:‘

p o= 11222, _g00.

I 18
dp 28 d,, d 56
Tk At -— (500} = 112-—

5 %) dxl ) T

d
= 11220
Pegi= e

d 5 d
& =Wl =

dz

dax?

-

9% )

For maximum or minimum, ax =0

112-& = 0
15
1680 - 56x . s
15 ’
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d’p 56
When x = 30, —= = ~ 75

< 0.

. The company's profit is maximum when 30 SIars were prodyce,
Mustration 20 : Thuconlcdmanuiamﬂngaoerlalnarudelsgh,anbym

cCs= 5+—-+3x’wrmxlsﬂwnumberdanﬂes manufactured, F"'ﬂthq
vaive of croropumal production quantity.

Solution : mmc-s+478+3x’

dC d d -1 P I -2
= d—x(s}us-a—{x )43 iX7) 48.x72 gy
d’c d x? --!- = - _2)x2! -1 =
E = —48;(! )+6 dl(xj 48(-2)x +6-1 = 9gx7?
dec
For maximum or minimum, ax 0.
Le. ;:"g+5" = 0
X
= 6x*-8) = 0
= x} = 8 2>
0 G S
d?c E_+s 96 -
When x =2, -d—'—z-— = {2’3 = “5-1-5 = 18. (poslﬁva)

. Cost Is minimum when the production quantity is 2.

Minimum valve of C 5+%+ 32)° = Rs.41.

MAXIMA. ANp MiNIMA,

31 I{'lhedumandnmmm
+2wheraqlslheom & Monopolists 3 = 98 - 4 and the eversge

‘#ppd"l‘
. Total cost

Glven  3q

ap

i,

p

Selling price

Profit

dP
dq

d’p
I

- Since

Maximum Profit

For fmxjmum or minimum,

st P s the price, f find the maximum profit of the

Bverage cost x ouipy
[3‘1“‘2]:; = 3
98-4p
98-3q

98-2q
4

+2a

98 -
qp = q[——g'i] = Eq__qi

Selling price - Cosl price

4
Ba-3e -tz

4 15 ,
7 =3
2

E-Eq ‘d—Fz = -E(u

2 2" o 2
45 15
—=-—q = 0 15q = 45
2 2" =

Laq=3
-_i.«.o at q=3, profitis maximum.

ﬁ_a_ﬁ(a.]: = Rs. 33.75.
F) 4

4
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COMMERCIAL ARITHMETIC
.1, SIMPLE INTEREST

4.4.1. Introduction

money for their ; /1
the extra money paid by the organisation for having usogiﬁéﬁrg:x?:; ; :_Jn;;rtoi;;s

The money received for use is called Principal. The interest is usually paid at the end

of specified equal intervals of time; i.e, ‘appually, half-yeari
sum total of the principal and interest s called Amiun%\quaﬂe“y T The

@g rate of interest is the ratio of the Interest charged in one unit of time to
the Principal. Generally the unit of time is one year./The calculation of interest is
divided into two i.e. simple interest and compound interest )

4.1.2. Simple Interest :

[\;ﬂ'aﬂ the Interest is calculated on principal at a uniform rate it is called

. simple interest. | The important feature of the simple interest is that the interest whether
paid or not, does not get accumulated along with the principal for the calculation of

~ further interest. For example assume a sum of Rs. 20, 000 is borrowed at 10%. At the
end of the 1st year, the simple interest works at Rs. 2000. Even if it is not actually paid,
the next year's interest will be calculated only on Rs. 20,000 which is the principal. Simple

interest will be calculated as follows : ; o
' R > P10
SI S — F'_‘ NG
i 100
where S| = Simple Interest, P = Principal; N = Period (no. of years), R = Rate of interest.
(or)
SI = PNi
where | = _.B-.
100
The other formulae are :
Sl
Principal : P = —
i Ni
Period : N = S
Pi

Rate of interest : R = % x 100

P (1+Ni)

Amount : A

7
P
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126 BUSINESS MATHEMATICS

ose If the period is
Note : Generally, the period ‘N'Is expressed In terms of years. Supp Glven ,

term of days (or) months, It should be converted into years

for 73 days, Rs. 720 fq, 1

P : s. 500
Mustration 1 : Calculate the total interest on R per annum.

weeks and on Rs.900 for 3 months at 6%

Solution : Simple interest = PNi :’ J

oo x 12 = Rs.6
Interest on Rs. 500 for 73 days 500 X e x 0.06

Rs.11.63

14 X
Interest on Rs. 720 for 14 weeks 720 X =" x 0.06

3 X
% 12

Rs.13.50

Interest on Rs. 800 for 3 months

~Totalinterest = Rs.6 + Rs. 11.63 + Rs. 13.50 = Rs. 31.13.

lilustration 2 : Find the principal sum which yields simple interest of Rs. 77 in 8 yearg
at 3 % % per annum.

Solution: GivenSi =Rs.77; N =8, i = 35
100
_ [ o )
P = U L1 = Rs. 275 e NS -
Ni 8-x 0.035

~. The principal sum = Rs, 275.

Mustration 3 : What sum of money invested at 10% simple interest will amount to
] Rs. 1200 in 2 years ? | N

Solution: Given A = Rs.1200; N =2 j = J9 - g4
| 100.....~
A = P(1+Ni)

1200 = P(1 +2x0.1)

1200 = 1.2P
1200

MR s JEVN e :
o Rs. 1900

~. The Principal sum invested = Rg. 1000.

llustration 4 = Find out the period by whi
' Rs. 1700t 12% pg, o @ SUM of Rs. 1200 will amount o

Solution : Given P = Rs.1200; A= Rs. 1700; | = 22 0.12
. ' 100
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CO _,I"' Iy 121
'OMMERCIAL ARITHMETIC - If'
.I a‘}.
Sl = A-P u.$ i S
= Rs. 1700 - Rs, 1200 = Rs. 500. 1
N = il_. = 500 .i.)‘. 4
Pl Tooxoqz | e 10
 principal

E;ng;he rate of interest par annum if the simple interest on @
. 5000, Is Rs, 800 for 4 yoars.

golution : Given P = Rs. 5000; Sl= Rs.800; N=4.

flustration 6 :
- interest?
solution : Let P =100, then A= 200, i=0.1; SI=
N = 8l 100 :
Pi 100 x 0.1
lustration 7 : Find the number of ye
G 10% p.a. simple interest.
Solution: Let P =
sl = A-P =

Solution :

S|

R = — x10
PN 0

800

= e X 100 = 4% p.a

5000 x 4

~.Rate of interest = 4% p.a.

. A sum of money will double itself at 10% p.a. in 10 years.
ars in which a sum of money will triple its

S 2

In what time wili a sum of money double itself at 1

= 10

0% p-a. simple

A —P = 200 —100 = 100

elf at

Rs. 100, then A = Rs. 300, i=0.1;

Rs. 300 - Rs. 100 = Rs.200

200

= 20

N = = = ———
Pi 100 x0.1

+.A sum of mone

lllustraﬂon"a . On October 1* 2002,
7% p.a. by a chequé

borrowed.

Given P =
Simple interest

N

—
-

—
-—

A-P

y will tﬁpl_g_ i_tself‘g_t 10% p.a. in 20 years.

a loan of Rs.365 was repaid with simple interest
of Rs. 373.40. On what date was the money

Rs. 365, A = Rs.373.40, | = 7100 = 0.07

Rs. 373.40 — Rs. 365 = Rs. 8.40

sl
Pi

_ 840

365 x 0.07

. x 365 = 120 days

(year was converted imso_ days)
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128 BUSINESS MATHEMATICS

Date of Repayment = 1*Octobert

No. of days amount borrowed = 120 daye. 120 days..

-. Dafe of borrowing = 1’; .OCt' 200%: 31+ :June 27
= 1stQct. - { (Oct.) 1 + (Sep.) 30 + (Aug.) 31°F (Ju) . }
= 3" June 2002.

s : 7500 p.m. into a post off;
lllustration 9 ':  An employee deposits his salary of Rse,y month at 8% p.a. Simprf:

t at the beginning of ev ,
:f::Ir?agsi alggc:li?hdiameRs.gSOO p.m. durin? gacl; rt:onth. Find out the
balance standing to his credit at fhe_end of 2 ye

' = i 000
Savings at the end of every month = 7500 - 4500 = Rs.3

Let the monthly savings be Rs. P

~P = Rs.3000; i = 8100 = 0.08;
N= (23+22+ ... +0)m:11_t_lls
~N = ' |-lastterm and n-number of temms

-%- (a+1), where a-firstterm,

N 2274 x (23 +0)

276 months or 23 years.

- Simple interest 3000 x 2§ x 0.08 = Rs. 5520.

~. Amount standing at his credit at the end of 3 years |

Rs. (3000 x 24) + 5520 = 72000 + 5520.

Rs. 77.520.

Illustration’:"lq": A man deposits a certain sum of. money into a bank. It amounts to

Rs.12,325 in 8 years and amounts to Rs.13, 565 in 10 years. Find the
sum invested and also the rate of simple interest offered by the bark.

n

Solution : _
Amount at the end of 10t year - . .='Rs. 13,565
Amount at the end of 8" year = Rs. 12,325
Simple interest for 2 years = 13,565 - 12,325= Rs. 1240
Simple interest for one year = 1240 _ Rs. 620
> !

S).forByears = 8x620 = Rs, 4950
Sum Invested = Amount - Simple interest
= Rs. 12,325 - Rs, 4060 =

- Rs.
P = Rs.7365; SI=Rs.620; N =1 yegr 7365.
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. Rate of interest =

n

E - The man investeq Rs. 7365 at 8.42
.__f‘-_-|'[|'ustfa“°" 11: Aman wants tg |
. Sons aged 122
| Same amoun
b rate of simple
ko deposited in thei i

! . their name in the beginning?
Let the sum deposited in the name of elder son be x
Share of the yeunger son = 4,55000 - x

The elder son has 3 years and
‘ : years.

‘Elderson : P=Xx; n=3years; i=11/100=0.11 ;
ni=3 x 0.11 = 0.33.

% p.a. simple interest.

deposit a sum of Rs, 4,55, 000 in the name of his B
t Nd 15 years in such a manner that the two sons 9
When they attain the age of 18 years. Assuming the
interest to be 119 p.a. find out how much should be

et the

the younger son has 6 years to attain the age of 18

Amount available at his 18 years of age. = P (1+ni)
= x (1+0.33)
i _ _ = 4.33 Wocecomosrasarssasonsy (1)
" Youngerson: P=(4,55000-x); n=6; i = 0.11; ni = 6x0.11 = 0.66
| Amount available at his age of 18 years = P(1+ni)

(4,655,000 —x) (1 + 0.66)
(4,55,000 — x) (1.66)
7,55,300 - 1.66 x..... (2)

From the problem, the total amount in both cases are equal.

ie. 1.33x = 7,55300 - 1.66x
133x+166x = 7,55300
299x = 7,55300

7, 55,300

x = =—— = Rs.252609.

2.99

~. The amount deposite'd in the name of elder son = Rs. 2,52,609

The amount deposited to the name of the younger son

= Rs.4,55,000 - Rs. 252,609 = Rs. 2,02,391.
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lllustration 12 :
12: Mr.X lent 85.7200 at simple interest partly at 6% p.a. and par
: Ea.-. If the interest received after one year is Rs. 450 how my
nd at different rates. of interest 7.

Yayy
Ch dig

GBS

Soluticn :

Let the amount lent at 6% p.a. be x.
“~Amountient at 7% p.a. = (7200 - x)
Slon xforone Yearat6% pa. = Pni = x x 1 x 0.06 = 0,06x
Sl on (7200 - x) for one year at 7% p.a.= P ni
= (7200-x) x 1 x 0.07 = 504 - g7,

Given total interest received is Rs. 450,

i.e. 0.06x+ 504 - 0.07 x = 450.
001x = 54

ax = 24 _ = Rs. 5400
0.01

Rs. 5400
Rs. 7200 — Rs. 5400 = Rs. 1800

~.Amount lent at 6% p.a.
~.Amount lent at 7% p.a.

Hllustration 13 : A certain amaunt of money was invested at 12% p.a. simple interg
* and after 6 months an equal amount was invested at 14% p.a. Sirnpié
interest. Find the period in which the amount in each case becom

Rs.6500. Also find out how much money was invested in each cay

Solution :
Let amount invested be Rs. P for a period n.

Given A =6500; i = 0.12 in the first case

Then A = P(1+ni)
i@, 6500 = P (1+0.12N}eciermirminerceinsesisinsssseesssessssaassasess s ()
Given A = 6500; i = 0.14; n = (n—0.5) in the second case.
| 26500 = P14 0.14 (1= 0.5)] cooeoorooroeeneeeeeseessessessesss s Qf
Dividing (1) by (2) | |
6500 _  P[1+0.12n]
6500 P[1+0.14n - 0.07]
L 1+0.12n
1+0.14n - 0.07

1+012n = 1+014n-~0.07
007 = 014n-0.12n = 0.02n

« 0.07 .
S 00o ~ SSyears
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* llustration 14: Whatis the simple interest eamnad by Rs.6000 at 15%

e Y of Ala,

% IRC 151
()MMI;I{(_ML ARITHMETIC

ot Th(’] no. Of yaars i .
n whi' 1 tho amount becomes Rs. 6500 = 3.5 years
atlon (1), wo got

500 = P (143,01

W= P04 = 142p

2P = 6500 _
142 ~ Rs.4577.46

Thus the sum invested in each case = Rs. 4577.46

Universicy Examination Questions 81 Answers

p.a.in2 years?

(B.Com., M.K.U. Nov.'84]

. golution : “Given P =Rs, 6000; N = 2; R=15%;i=0.15

Simple interest = PNj |
= 6000 x 2 x 0.15 = Rs. 1800

savings

Mustration 15 :  Rs. 80 is deposited on the 1% day of every month for 3 years ind by the

. Solution : Let the monthly deposit be Rs. ‘P’

. instalment of Rs.80) + ........

account. Find the final sum if the 5% simple interest is offere
Bank.
~ [B.Com., M.K.U. Apvil *34]

P=80; i=0.05

N = 36 months (for the first instalment of Rs. 80) + 35 months (for the second
+ 1 month (for the lasf instalment of Rs. 80).

~N = I (a+1/), wherea -firstterm, | - Iastterm and n - number of te@s.

b & B BByt
“"".-\ _.-".

= §§_ x (36+1) =18x 37 = 6586 muntns'c;r 55.5 years.
2 | .
~.Simple interest = PNi = 80 x 55.5 x 0.05 = Rs. 222
- Final sum at the end of 3 years = (80 x 36) + 222 )
= 2880 + 222 = Rs. 3102.
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lllustration 16 :

If Rs. 450 amounts to Rs.504 in 3 years at simple interest wh

Rs.650 amount toin 2 years 6 months, the rate of interest pe;
same in both oases. [B.Com., M.K.u, Nov”g th |
, S
Solution : Given: P =Rs. 450; A = Rs.504; N=3; R=7 }‘

Simple Interest = A - P
= 504 - 450 = Rs. 54.
Rate of Interest: R = Sl x 100
' PN
=2 100 = 2100 2
450 x 3 1350 °pz
Again, Given: P=650; N=2.5; R=4% i.e.i=0.04
SI=PNi = 650 x 25 x 0.04 = Rs. 65.

~Amount = P + SI
= 650 + 65 = Rs. 715.
lllustration 17 : What Principal will amount to Rs. 2250 in 3% years at 2% y

simple interest ?. [B.Com., M.K.U., April, 200
‘Solution : Given: A = Rs.2250; N = 3.33; R=2.143% ie. | = 0.0214
We know,

A = P(1+Ni
2250 = P(1 + 3.33 x 0.0214)
2250 = 1.071P

2250
P = m = Rs. 2100.
EXERCISE

| Choose the correct answer:

(1) The simple interest on Rs. 50,000 at 10 % p.a. for 10 years is

(a) 25,000 (b) 30,000 - (c) 50,000 (d) 5000
(2) Simple interest on 20,000 at 2% p.a. for one year Is
(a) 4,800 (b) 4,000 (c) 800 (d) 400
(3) The total interest on Rs. 12,000 for 9 months at the rate of 9% p.a. simple interest is

(a) 810 (b) 972 (c) 900 © (d) none
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ANSwy,
. choose the correct 4 ERS
1 q0)d (1a (12)p -(:‘;;"gr(:m
Answer the following . 1)
i _ * 1130099
26250 (d) 1350' 51,250 (6) 29 s, 32(2}560:‘50@0
10% (10). 3% (11). 1 (12), 5 (13). 1470 258 (8).47
10,040 (18) 1,20,500; § 470, (144 (15)

. 2 . :
(24). 3.75,2000. (20). 6b0; 6,59,

(e
)a (1rf)231d Ba @b )¢ @b (a Bc @D

13) (@) 420 ; 3420 (b) 35.20; 1495.20 (¢) 1250:
09.25 (5) 1000 (6) 4800 (7). 500 (8) 6.67% (9)-
12.5(16) 77.63; 1877.63 (17) 2nd Ap. 2002 (18)
(21) 80,000, 50,000 (22 490, 1200 (23) 900; 600

'_‘4,2. COMPOUND INTEREsy

The compound inte
.. principal plus intarmr?:tt its'palclﬂat'ed recursively on the amount accumulated
' first year, if unpaid, is added to ¢ @ end of each year. The interest due at the end of the
 ihe principal for the second Z he original principal and the.added amount is taken 2s
period. In other words lnteiezl ?nd thus this process being continued for the given
P,ﬂod, In such case, we say th S also given for the interest of the previous unit

\ at the inte ' compound
interest varies from period, ag the principalr\?::yhas el ekt o

The principle of compounding i _ : .
populatidn. depreciation of g IS also used to solve allied problems like gro

| SoNtiE oy, ] by whi iginal principal is
 increased at the end of all t hus the sum by which the original princip

. for the given period. Gene
period is half-year then the interest is compounded half-yearly.

T

he specified conversion period is called Compound interest
rally the conversion period is one year. Ifthe conversion

Formula for compound interest :
A= P (1 + ....R_.)n

100
where, A = Amount at the end of 'n’ years.
P = Principal
'r = rate of interest per annum
n = the period in years

(or)
A = P(A+i" wherei = R100

Common logarithms are very useful to solve problems on compound interest. Tue

~ formula for compound interest admits logarithmic computation.

We can determine either amount or principal or the period or rate of interest by

- -Making use of the Iogarilhm. provided.any three of them are given. Thus we have,

) Amount : logA = ngP+nlog (1+1)

(i) Principal : logP = logA-niog (1+1)
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136 BUSINESS MATHEMATICS

log(1+i) =!09A-logP
n
logA-logP
log (1 +1)

(iii) Rate of interest

(ilv) Period (no.ofyears) : n =

if the interest is compounded half yearly,
i \2n
A = P (1 ¥ 5 )
l.e. logA = log P+ 2Znlog (1+i/2)
If the interest is cémpounded quarterly,

A (P1'+. Ly
- 4)

i.e. IogA = logP + 4nlog (1 +i/4)

Thus the general formula is, A= P (1 + ilq)"%*where, q is the number of equal

periods partitioned in a year.

lMustration 1 : What is the principal value of Rs. 1000, due in 2 years at 5% pa
compound interest, according as the interest is paid (a) yearly (b) half

yearly 7.
Solution : (a) When interest is paid yearly :
Given A =1000; i=5/100=0.05; n= 2; P=?
logP = logA—nlog(1+i)

logP = log 1000~ 2 log (1.05)
= 3-2x00212 = 3 - 0.0424

= 29576
-~ P = Antilog (2.9576) = Rs. 906.90.

Thus principal value when yearly compounded = Rs. 906.90

(b) When interest is paid half-yearly :
Given A =1000; i/2=0.05/2=0.025; 2n= 2x2=4
A = P(1+ 112)2n
logP = logA ~2nlog (1 +i/2)
logP = log 1000 — 4 log (1.025)
= 3-4x0.0107 = 3 — 0.0428

= 2.9572
~P = Antilog (2.9572) = 906.10.
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mustration 2 : Find the S
pou
half Yearly for th nd inte
Yeal', 'lhe interﬁ

- i le
reston Rs. 8000 for 4 years f interest is payab
s? first three years at the rate of 8% p.a. and for the 41h

'S payable Quarterly at the rate of 6% p.a.

_ id half-yearly for 3 years.
» =3, i#8/100=0.08: /2 = 0.04; 2n=2x3=6.

P9A = log P+ 2n jog (1 4 i12)
log 8000 + log (1.04)

= 3.8031 +6x0,0179

= 3.9031 + 0.102 = 40051
“A = AL (4.0051)
| 10120 (which is the principal for the 4th year).
Again when interest is paid quarterly in 4t year.

P =10120; i = 6/100 = 0.06; if4 = 0.06/4 = 0.015; 4n =4 x 1 = 4.

A = R+ |,'4)4n

logA = log P +4nlog (1 + i/4)

logA = log 10,120 + 4 log (1.015)
4.0051 + 0.0256 = 4.0307.

~A = AL. (4.0307) = 10740.

Compound interest at the end of 4" year
= Rs. 10740 - Rs. 8000 = Rs. 2740,

llustration 3 : Mr. Raman borrowed 10,000 from Mr. Vinoth, but could not repay any
- amount in the period of 5 years. After 5 years Mr. Vinoth sent a demand
notice showing the sum of Rs.20000 due from him. At what rate of

interest compounded annually did the latter lend his money ?.

Solution : Given A = Rs.20,000; P=10,000; n= 5; i=?.

log A — log P
We know, log(1+1) = 25 : o9
| 83 o 20,000 — log 10,000
log (1+1) = log 5 .
_ 43010 — 4.0000

_——0-3g1° = 0.0602

(1+i) Antilog (0.0602) = 1.149
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i_ = 1.149 — 1 = 0.149
Hence the required'interest rate = 0.149 x 100 = 14.9%.

lMustration 4 ;. Fing the rate of interest when Rs.500 armiounts to Rs.800 in 10 Yeary
€ompound inferest being added quarterly.

Solution : Given p = Rs.500; A=Rs.800; n= 10; i=? 4n=4x10=40.
A = B(1+i4)

log(1+i4) _ logA = logP
4n
—  log 800 - log 500
4x10
- 2.9031-26990 . 0.2041
40 : - 40
log(1+14) = 0005
~(1+i/4) = Antilog (0.005) = 1.012
4 = 1.012-1= 0012
~1 = 0.012x4 = 0.048.
~ Rate of interest = 0.048 x 100 = 4.8%
lllustration 5 : In what time, will Rs. 1761 amounttoRs 2142 at 4% p.a. compound
| interest 7. :
Solution : Given P = Rs.1761; A=Rs.2142 ;i = 4/100 = 0.04
n = logA-logP
log (1 +i)
- log 2142 - log 1761
log 1.04
_ 3.3308 - 3.2457
0.0170
- 0.0861 - :
0.0170
- No.ofyears = 5.

Find the number of years in which a sum of money will triple itself at 8

lilustration 6 :
compound interest at 10% p.a.
Solution : Let P= Rs.100; A=Rs.300; i=0.1 n=2?,
= JlogA —logP
log (1 +1)
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log 300 -~ log 100
log 1.1 '

24771 - 2.0000
0.0414

_ 04771

B Se——— o {152

. 0.0414
<. The sum will triple itself in 11.52 years.

plustration 7 In a certain population, the annual birth and death rates per thousand
are 39.4 and 19.4 respectively. Find the number of years in which the

Population will be doubled assuming that there is no immigration or
emigration,

)

Solution :
Population growth rate per thousand = Birth rate — Death rate
: = 394 - 194 = 20.
Let P =100, then A=200; i=20/1000 = 0.02."

| n - |OQA-|OQ P

I T T TR T A T R R T TE I DR T T = b o it J
- ? 2 2 i . Tt T TR TIRT LN
. ™ e Al ST T T

log (1 +1)
lg_g 200 — log 100
log 1.02
_+ 2.3010 = 2.000
0.0086
_ 03010 _ 35,
0.0086

. The population will be doubled in 35 years.

lllustration 8 :  Find the number of‘years in which a sum of money will double itself at
4% p.a. compound interest payable half-yearly ?.

Solution : Let P = Rs.100, then A =Rs. 200; i=4/100=0.04; i/2 = 0.04/2 = 0.02

_ logA-logP
- log (1 +1/2)

3 | ~ _ log 200 — log 100

log 1.02

! 23010-2000 _ 0.3010
b 0,0086 0.0086

ﬁ ~n = 352 = 175 years,

2n

L Hence the sum will be doubled when interest is payable half yearly in 17.5 years,
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lllustration 9 : A banker proposes to give Rs. 7000 at the end of 3 %4 years fror, |
How much the banker ought to receive from the customers Now i:i
order to pay off the amount taking money to be worth 8% p.a, ¢ | ,

Solution : Given A = Rs.7000.: n=3 Y years; i=0.08; j/4 = 0.08/4=0.02,

A = P((1+i)O
7000 = P (1+0.08)(1+0.02)
= P (1.087 (1.02)!
7000 & P (1.285) -

~Pp = 1000 -2 R 5447 (Approx.)
-1.285: s

lllustration 10 : A sum of money invested, compound interest payable yearly, amounts
to Rs. 2704 at the end of the second year and to Rs.2812.16 at i,
-end of the third year. Find the rate of interest and sum.

SOlutlon : Given amount at the end of :
2¥yeari.e. P (1+i)R
39yearie. P (1+i)?3

Dividing (2) by (1)

nm u
NN
0
-
N b
- 1
D
P
—

P(1+ip " _ 281218
P(1+i) 2704
e 1+i = 1.04
s =1.04-1 = 004 = 4%.
Applying the value of ‘i’ in equation (1)
~ weget, P(1+0.042 = 2704

P(1.042 = 2704
P (1.0816) = 2704
L5 2704
P = = Rs. 2500
1.0816 -

~.The principal is Rs. 2500 and the rate of interest is 4%.

lustration 11 : The population of a city increases at the rate of 15 per thousand. Whe!

will be the population at the end of 5 years if the present population
69,360 ?.

Solution : Given P= 69,360; n=5; i=15/1000 = 0,015,
A =P(1+i) .
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B =
: logA = I'39|""-'-nlog-(1+i).
.l: = log 69360 + 5 log (1.015)
i = 48411+ 5 X 0.0064
g = 4841140032 = 4.8731

AlL:(4.8731) = 74,660
~.Population at the end of 5 years = 74 660

e al :159 difference between the simple interest and compound interest on
UM 1S Rs.30 at 9% p.a. for 3 years. Find out the principal.
Solution : Let the principal be Rg. 100

-Por _ 100x3x9 _ Rs. 27
100 100

P(1+i-P
= [100 (1.09)® - 100]
= Rs.1295 — Rs.100= Rs. 29.5
Difference between C.l.and S1. = Rs.29.5 — Rs.27 & Rs.2.5
If the difference is Rs. 2.5, the principal is Rs. 100

S.1. on Rs. 100 for 3 years

1

C.l.on Rs. 100 for 3 years

If the difference is Rs.30, the principalis = 199X30 = Rs. 1200.
| 25

lllustration 13 : A person wishes to divide Rs. 32,525 between his son and daughter
who are aged 15 and 18 respectively in such a way that their shares,
ifinvested 5% C.I. should produce the same amount when they become
20 years of age. Find the share of each.
Solution.: Let the share of son be Rs. x
The share of the daughter = (32, 525 —x ) .
The son has 5 years and the daughter has 2 years to become 20 years old.
Thus, forson:P=x; n=5; i=0.05; A=7.
A = P@+iy
| = X(1+0.05° = X(1.05)5 oo (1)
for daughter: P = (32525-X), n=2; i=0.05; A= 7.
- A = (32525-x) (1+0.05)2
(32,525 — X) (1.05)2.....ccooertescecrenesesessess @)

Equating (1) and (2) we get
o2 L x (1.05)°

(32, 525 - X) (1.05)

Scanned with CamScanner



- v ‘S'
PBUSINESS MAL HEMATIC

142
x. (1050 - (32525-%)
(105}
te,  x(1.05)8% = (32, 525 — X)
le. 11576 x = 32626-X
14576 x+x = 32525,
ie. .2.1576x = 32525
32525 = 15,0746
ST -
. The share oi'the son = Rs. 15074.60

The share of the daughter =
= Rs. 17,450.40.

University Examination Questions 8t Answers |

HMustration 14 : Find the compound interest on Rs. 8000 for 5 years at 12% per anny, |

Solutlon : Given P = Rs. 8000; n= 5; i=12/100=0.12

- Weknow, A = P(1+i)
A = 8000(1+0.12°
A = 8000 (1.12p

Taking logarithm,
' logA = logP+nlog{1+i)
log A log 8000 + 5 log (1.12)
39031 +5x0.0492
3.9031 + 0.2460 = *4.1491
A = AL (4.1481) = 14090,

~.Compound interest = A - P = Rs, 14090 - Rs. 8000

‘= Rs. 6090.

Alternative method : This problem can also be solved without using logarithm.

A P(1+in

8000 (1 + 0.12)5
8000 (1.12)5
8000 x 1.762

14096

itnon

.

A

~Compound interest = A -P = R 14096 - Rs. 8000

= Rs. 6096,

" Rs. 32525 — Rs. 15,074.60

[B.Com., M.K.U. Apyj o

e e A o
e L R S

e
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tration 17 : : in'
fllus i Rs.5000,is deposited at the rate of 12% p.a. compound interest, in

how
many years the amount will be doubled 7.
[B.Com., M.K.U., April "85 mod!fied]

Solution : Given P = Rs 5000, | = 012:n=27
Since the principal sum will be doubled A = Rs.5000 x 2 = Rs. 10,000
n = 'BQA —log P
log (1 +i)
= log 10,000 - log 5000
log (1.12)
= 4.000 - 3.6990
0.0492
= 0301 =.. 8612

- 0.0492

Thus the sum of Rs. 5000 will be doubled itself in 6.12 years.

e e 4 a

T T NI ——

lilustration 18: The difference between simple interest and compound interest is
: Rs. 384.60. Number of years = 4. Rate of interest = 10%. Find out
the sum. | [B.Com., M.K.1U. April 1998}

Solution : Let the Principal be Rs. 100.’
S.l. on Rs. 100 for 4 years
C.l. on Rs. 100 for 4 years
- = [100 (1 +0.1)4 - 100] 146.41 — 100 = 46.41
E Difference between Cl and Sl 4641 - 40 = 6.41.
If the difference is Rs. 6.41, the Principal is Rs. 100. -

: _ 100 x 384.60 i
If the difference is Rs. 384.60, the Principal = 6.41 = Rs. 6000

PNi = 100 x 4-x 0.1 = 40,
P{1+iin~-P

——
u

lllustration 19 : An Amount when invested for 3 years earns an extra sum of Rs. 98.56
under 4% p.a. compound interest than at the same rate of simple

Difference between C.I. and S.I. = 12.49 - 12.00

P interest. Find the amount. [B.Com., Modified M.K.U., April 2007]
| Solution : Let the principal be Rs. 100

Sl.onRs. 100for3years = PNi = 100x3x0.04 = Rs. 12.

B C.l. on Rs. 100 for 3years = P (1+1)3-100= 100 (1 + 0.04)3 - 100

= Rs. 12.49,

= Rs. 0.49.
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- Ifthe difference is Rs. 0.49, the Princlpal Is Rs. 100

' 100.x 98.56
If the diffegonce is R8. 98.56, the principal = — g0

RS. 20'1 14

lllustration 20: Calculate compound interest on Rs. 7500 for 3% years at 5.5 %D

[B.Com., April 1899, April 2004, No, 20‘5#

Solution : Given: P = Rs. 7500; N=35 R= 5.5 ie.i = 0.055.
SN |
A = P(1+i)3,(1+-;-)
= 7500 (1+0.0852 (1+ 0.0275)
7500 (1.055)3 (1.0275)"
= 7500 x 1.1742 x 1.0275 = .9u49.
A Ck = A-p .
= 0049 — 7500
= 1549,

»Note : 3)% years can be taken as 7 half years. In that case

1)

2)

3)

4)

5)

; :
i X
A = P[1+-2-} = 7500 (1+ 0.0275)7 = Rs. 9069,

EXERCISE

Choose the correct answar :

The compound interest on Rs. 30,000 for 3 years at 10% per annum is
(a) 9,930 (b) 9,000 (c) 38,930 - (d) none

The compound interest on Rs. 5,000 for 2 years at 8% per annum:where the intersst
compounded half yearly is

(a) 832 (b) 408 .(c) 849 (d) none

A sum of money invested in a Bank is Rs, 10,000. The Banker gives 12% per annum compound
Interest. The excess money received at the end of 3 years Is :

(a) 14,049 ‘ (b) 4,049 (c) 13,600 (d) 3.600

The ‘compound Interest on Rs. 1,000 for 2 years at 24% per annum where the Interastris
compounded once in 3 months Is

(a) 1,262 (b) 1,504 () 124 (d) 594

The amount received at the end of 5 years if the gym invested is Rs. 20,000 at 9% wmpouﬂd

interest is _
(a) 30,772 (b) 10,772 (c) 8,000 (d) 29,000
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IMPORTANT FACTS AND FORMULAE

I. Concept of Percentage : By a certain percent, we mean thay

. Man..
Thus, x percent means x hundredths, written as x%. ny hur.d.--.

x ." .. :
To express x% as a fraction : We have, x% = 100" .' 8!
20 1 48 12 "
Thu...,20%=—-=_' = — = —, el
= 100 -5 %~ 100 " 25 |
To express — as a percent : We have, % = [—x 100)%. ' B
= -g— — [EX 100)% = 60% '_ 501'

4

II. If the price of a commodity increases
as not to increase the expenditure is

R
—x 100 (%
[(100 +R) ]
If the price of a commodity decreases by R%, then the increase in Consumpt;..
as not to decrease the expenditure is ik

[_R_ x mo]%

1
Thus, — = 1x100 % = 25%; 0.6 = 8
4 10
by R%, then the redultion in COnsug.

50]

(100 - R)

ITII. Results on Population : Let the population of a town be P now and Suppos: ;
increases at the rate of R% per annum, then : il

n
1. Population after n years = P[l - %) .

_P
R)
[1+T66]

IV. Results on Depreciation : Let the present value of a machine be P. Suppst
depreciates at the rate of R% per annum. Then :

2. Population n years ago =

(7]

1. Value of the machine after n years = P(l - .E_)n
100
2. Value of the machine n years ago = P .
(- 50)
100
V. IfA is R% more than B, then B is less than A by
[
| (100 + R) : 100]%.
If A is R% less than B, then B is more than A by
\ i R 1
e xmoJ%.
T —— o
208
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SOLVED EXAMPLES

Express each of the following as a fraction :

1. i
28 (i) 6% (if) 4% (iii) 0.6% (fv) 0.08%
o 56 _ 14 . 4 1
So] Tl K% = ""'100' 25' (i 4% = 1_6'6 = 2—5"
06 6 3 0.08 8 1
i QB0 B T BiTs & oo (iv) 008% = — = =
(i 1 1000 500 “ =700 ~ 10000 1250
o9 Express each of the following as a decimal :
i) 6% - (i) 28% (iii) 0.2% (iv) 0.04%
6 ; 28
= — = 0.06- ) — =
s @ 5% % 100 (i) 28% = = = 028
! 02 0.04
|3 .s ,:——-:0.002. v = — =
(i) 02% 100 (iv) 0.04% 100 0.0004.
£r 8. Express each of the following as-rate percent :
23 ; 3 .
i AL, i) 6— ;
(6] % (i1) y (iif) 0.004
93 (23 (575}\ 8
@ _[Zx100(% = — 1% = 63—=%.
sol. () 35 [36 ] 9 9

4 4
» =z — = x 100 ) = 04%.
(i) 0004 = T500 (1000 ]4

3 27 27 ]
onnd _ 20 _[22%100|% = 675%.
[."064 4 (4

Ex 4. Evaluate :
(i) 28% of 460 + 45% of 280 (Bank PO. 2003)
(R.R.B. 1998)

1
(i 15%% of 600 gm - 335% of 180 gm

(28 45
, of- = | 22 x 450 + — x 280 | = 126 + 126) = 952.
8l (i) 28% of 450+ 45"% of-280 (100 X + = } ( : 2

(i) 16%% of 600 gm-'ssé% of 180 gm

50 1 100 1
B (.o (100 . 1 10| gm = (100 - 60) gm = 40 gm.
[[ 3 <100 e’oo] [ * 100 H e B AR

3 :
Bx. 5.(i) 2 is what percent of 60 ? (8.S.C. 2000)
(S.8.C. 2002)

1
(i) = is what percent of ?i- ?

(iif) What percent of 7 is 84 7
(iv) What percent of 2 metric tonnes is 40 quintals 7
(v) What percent of 6.5 litres is 130 ml?

8o .
L () Required percentage = (B%x IQU]W' = 4%.

(ii) Required percentage = [% X % x 100)% =.150%.

(lc " -
i) Required percentage ={%4- x 100]% = 1200%.
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(iv) 1 metric tonne = 10 quintals. by

40
: - 100 % = 2 o
Required percentage [2:-( 10 X J 4 00%,
(v) Required percentage = 130 . q00]% = 2%.
e 6.5 x 1000

Ex. 6. Find the missing figures :
(1) 7% of 25 = 2.125 (i) 9% of ? = 63 (i1§) 0,254 r
. ofy

Sol. (i) Let x% of 25 = 2.125. Then, ﬁax% =2125 & % o

0y
£

; 6.
(i) Let 9% of x = 6.3. Then, %x =63 & x= [MJ

9 =10,

A

(iif) Let 0.25% of x = 0,04, Then, 222 % = 004 & x = 0.04 x 100

Ex. 7.\Which is greatest in zeg%, I2§ and 0.17 ?
. 9 50 1) 1 2
S l. 16—% = | — —_— = = (). —_ = ), . o
0. 3 (3 X IOOJ 5 0.166, T 0.133. Clearly, 0.17 is the Breates;

Ex. 8. If the sales tax be'reduced from 3%% to 3%‘%, then what differen,, e

make to a person who purchases an article with marked price of Rs. 84007
(8.8¢,

Sol. Required difference = (3%% of Rs. 84310]—(3%% of Rs. 8400)

. [E-EJ% of Rs. 8400 = %% of Rs. 8400

2 3
= Rs. (EX-LXS‘IOO] = Rs. 14.
6 100
Ex. 9. An inspector rejects 0.08% of the meters hs defective. How many il
examine to reject 2 ? (MAT

Sol. ' Let the number of meters to be examined be x

8 1 2x100x100] sl
Th y 0.0 %‘ f = m——— K —— - - e | =
en 8%'of x=2 & (woxwoxxJ 2 a x [ P

Ex. 10, Eixty-ﬁve percent of a number is 21 less than four-fifth of that pumber P
is the number ? '

Sol. Let the number be x

I
Then, %x—(65% of x)=21 & %x-l%so_x=2] & 15x=2100 © yel?
; . 0
Ex. 11. Difference of two numbers is 1660. If 7.6% of one number is 12.6% o the
number, find the two numbers,

126 .-
éol. Let the numbers be xand y. Then, 7.5% of x = 125% of y & * 7 ?—5-] 1

5 2 - 1660>‘3]=f“ﬂ
Now, %~ y=16860 2 =y-y=1660 = 37 =1660 = y=(-"'§""

_ 5
One number = 2490, Second number = e 4180.
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Bx. 12. In expressing a length 81.472 km as nearly as possible with three significant
. dfs’f s, find the percentage error. (8.8.C. 1997)

Sol. Error = (81.5 — 81.472) km = 0,028.
0.028
81.472

gx. 18. In an election between two candidates, 76% of the voters cast their votes,

¢ which 2% of the votes were declared invalid. A candidate got 9261 -votes which

chuired percentage = [ X 100)% = 0.034%.

:‘;5:755 of the total valid votes. Find the total number of votes enrolled in that electiop.
, (S.8.C: 2003)
Sol. Let the total number of votes enrolled be x. Then,
Number of votes cast = 75% of x. Valid votes = 98% of (75% of x). .
. 75% of [98% of (75% of x)] = 9261
- {i%% % %86 x 1%:’6 X x] =921 & x-= {9261;512{;3; i”,?; 100] = 16800,

Ex. 14. Shobha’s ﬂathematics Test had 76 problems i.e., 10 arithmetic, 30 algebra
gnd 35 geometry problems. Although she answered 70% of the arithmetic, 40% of the
algebra and 60% of the geometry problems correctly, she did not pass the test because
she got Jess than 60% of the px:obfems right. How many more questions she-would have
peedad to answer gorrectly to'earn a 60% passing grade ? (C.D.S. 2002)

Sol. Number of questions attempted correctly = (70% of 10 + 40% 'of 30 + 60% of 35)
’ = (7 + 12 + 21) = 40.
Questions to be answered correctly for 60% grade = 60% of 75 = 45.
2 Required number of questions = (45 — 40) = 5.
Ex. 16. If 50% of (x — y) = 30% of (x + y), then what percent of x is y'?7 -
(S.S.C. 2003)

0
Sol. 50% of (x-y) = 30% of (x+y) & %E(x—yhl%%{ﬂy)

= 5(x—ﬁ=3(x+y)€b2x=8ya:i=4y.
~.~ Required percentage = (lx 100)% = [f-— X 100}% ='25%.
x Y

Ex. 16. Mr. Jones gave 40% of the money he had, to his wife. Hg;afso'gave 20% ,of
the remaining amount to each of his three sons. Half of thé amount now left was spJ;t
on miscellaneous items and the remaining amount of Rs. 12,000 was deposited in the
bank. How much money did Mr. Jones have initially ?

8ol Let the initial amount with Mr. Jones be Rs. x Then,

Money given to wife = Rs. — x = Rs. % Balance = Rs. [:c- %)= Rs. -35£

20 3x 9x
Money gi to 3 = Rs. ~— x—]|| &£ Rs. —.
y given to 3 sons Rs’ [3)([100 X : ]] S 95" -

Balance = Rs. (3_x - —9-{ = Rs. f'f-
5 25 25
2" 25 25
3x
25 = 12000 & x = (E@g_xziJ = 100000,

‘Amount deposited in bank = Rs. [l ><-6—x-] = Rs -

So, Mr. Jones initially had Rs. 1,00,000 with him.

_—
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Short-cut Method : Let the initial amount with Mr. Jones be Rs. x
Then, .;. (100 - (3 x 20)]% of (100 - 40)% of x = 12000,

1_40 60 . - [ 12009

& —x—Lx 2 12000 & —x=12000 & x_( X9
2100 100 " 25 | \3] iy

Ex. 17. 10% of the inhabitants of a village having died of choley |

during which 26% of the remaining inhabitants left t{:e village. The p:;_‘:}.ﬂap,‘%
reduced to 4050. Find the number of original inhabitants. :stmn i
Sol. Let the total number of original inhabitants be x. -S_Q_:
Then, (100 - 25)% of (100 — 10)% of x = 4050
75 90 27 ‘ _ (4050 x 4¢
- (Tﬁﬁxfoﬁx?} = 4050 & —x=4050 & x [___2}____) -
Number of original inhabitants = 6000.

Ex. 18. A salesman’s commission is 5% on all sales upto Rs. 10,009 i

: d
sales exceeding this. He remits Rs. 31,100 to his parent company afte, ded:f-u'
commission. Find the total sales. (RR Emzi

Sol. Let his total sales be Rs. x. Now, (Total, Sales) — (Commission) = g 31y
x = [5% of 10000 + 4% of (x - 10000)) = 31100 ’

5 4 ‘ (x -~ 10000)
S %= [—=x10000+ — (x-10000)| = 31100 ¢ x-500-. 3
[100 * 100 ¥ )] : B

X 24x 31200 x 25
& - — = 3120 == = 31200 = | 2=
L 4 2% 0 < %5 3 o x ( 24
Total sales = Rs. 32,500.

Ex. 19. Raman’s salary was decreased by 60% and subsequently increaseq by
How much percent does he lose ? (Hotel Management,

Sol. Let original salary = Rs. 100.

] = 32500,

‘New final salary = 150% of (50% of Rs. 100) = Rs. [1—5-{1 X ﬂ>< lﬂﬂJ = Rs.1

100 10_0
- Detrease = 25%.

Ex. 20. Paulson spends 75% of His income. His

- incame is increased by 20% and
increased his expenditure by 10%. Find the Ppercentage increase in his savings.

Sol. , Let original income = Rs. 100. Then, expenditure = Rs. 75 and savings = R

5
New income = Rs. 120, New expenditure = Rs, [—;—;—g * 75) = Rs. '1—26'

New savings = Rs. (120-@] = Rs. 1-5-

2 2
Increase in savings = Rs. (:;E -25J = Rs, ?Z'E

Increase% = (325- X i ¥ 100]% = 50%.

25
_ b
Ex. 21. The salary of a person was reduced by 10%. By what percent shov
reduced salary be raised s

0 as to bring it at par with hig original ”Iag.é.c. o

Sol. Let the original salary be Rs. 100. New salary = Rs. 90.

Increase on 90 = 10. Increase on 100 = (-;-g_x IOOJ% = 11%%-
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g2. When the price of & product was docreased by 10%, the number sold increas
What was the effect on the total revenue ? (R.B.1. 2003)
Lot the price of the product be Rs. 100 and let original sale be 100 pieces.

Then, Total Rc\'cnue' = Rs. (100 x 100) = Rs. 10000.
New revenue = Rs. (90 x 130) = Rs. 11700.

[ncrease in revenue = [ L x 100 (% = 17%
10000 '

the numerator of a fraction be increased by 16% and its denominator be
;%. Find the original fraction.

B
| bf’”f‘

£y, 38. I
by 8%, the value of the fraction is

Sol. Let the original fraction be %
- y
115% of x _ 15 115¢ 15 , «x (15 92} 3
= = = = —-== X—1F= Z

Then. “5o0% of y 16 92y 16 y 16 115
o4, In the new budget, the price of kerosene oil rose by 25%. By how much percent
ion so that his expenditure on it does notincrease?

reduce his consumption

L —
e ———_———

| gust & person
" 25 100 |% = 20%.

Sol. Reduction in consumption = [(100R+ )x 100]% = [1255 ]

a town is 1,76,400. If it increates at the rate of 6% per
t 2 years ago ?

lation 2 years hence ? What was i

2
12 B) = (176400 2 x 21| = 194481,
100 20 * 20

-, 95. The population of
| gpnum, what will be its popu

_ " Population after 2 years = 176400 X

sl
; 176400 - 20 20) _
Population 2 years 4g0 = 5 )2 = (1764@0}( 51— x-z—l]; = 160000.
1+ ——1
[ 100,

. Ex. 26. The value of a machine ‘depreciates at the rate of 10% per annum. If its
puentnlue is Rs. 1,62,000, what will be its worth after 2 years 2 What was the valug

| of the machine 2 years ago.?
8ol. Value of the machine after 2 years

Ziin: 83000 5% [ 1 ‘| - Rs 1620Mxixi]=m-1312m
b XA ) |- T T e

e e e

; Value of the machine 2 years ago
' 162000
10

= Rs. (l 10 ]2 = Rs. [162000>¢ -199 X -g]r = Rs. 200000.
100

Ex. 27. During one year, the population of a town increased by 5% ﬂﬂﬂ during tb:(

Bext year, the population decreased by 5%. If the total population is 9976 at the en
beginning of the first year?

f
"Ithe second year, then what was the population size in the
(Hotel Management, 2008)

8 . .
ol. Population in the beginning of the first year
9975 9975 x 22 x 39) = 10000.

(1+i[1__5_ [ 21 19
100 100
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Ex. 28. If A earns 33:;-% more than B, how much percen doeg Aﬁ:

ud

____P’_)_xmo % = (lﬂ_‘lxmo)q

4
(100 + 1_2,9.) -

{‘.a r
L] fess "
!

\

Sol. Required percentage =
25%

Ex. 29, If A% salary is 20% less than B’s salary, by how much p,

more than A%s ? ot ig p
!II

_ 20 100|% = 25%. '

(100-20)

Ex. 30. How many kg ef pure salt must be added to 30 kg of 24 8oyt
10p

Sol.  Required percentage = [

. watler to increase it to a 10% solution ? of

(Mg
' . .Ir
Sol. Amount of salt in 30 kg solution = [%XSOJ kg = 0.6 kg, ‘
Let x kg of pure salt be added.
Then -(-)—S—f—x——li & 60+100x =300 +10x < 90x =240
' 30+x 100 . g "*‘3‘=2§_
Ex. 81. Due to a reduction of 6-‘;-% in the price of sugar, a map js able t,

more for Rs. 120. Find the original and reduced rate of sugar.
Sol. Let original rate be Rs, x per kg.

by,

"Redyced rate = Rs. [(100 —-24—5) X —-l—x] = Rs, e per kg.

100 16
120 120 _ 128 120
-——Exﬁ —x—-—l‘-‘-:}—x-'“_-r——lﬁx':B.
16

So, original rate = Rs. 8 per kg.
Reduced rate = Rs. [% X 8} per kg = Rs.7.50 per kg.

Ex. 32. In an examination, 36% of total students failed in Hindi, 45% fuit
English and 20% in both. Find the percentage of those who passed in both the su
Sol. Let A and B be the sets of students who failed in Hindi and English resp®
Then, n (A) = 35, n (B) = 45, n (A n B) = 20.
So, n(AUB)=n(A)+n(B)-n(AnB)-=(35+45 — 20) = 60.
Percentage fdiled in Hindi or English or both = 60%.
Hence, percentage passed = (100 — 60)% = 40%. ,
Ex. 33. In an examination, 80% of the students passed in English, 85% in Mﬂfﬁ’f;
and 76% in both English and Mathematics. If 40 students failed in both the ™"
find the total number of students.

Sol. Let the total number of students be x. i
Let A and B represent the sets of students who passed in English and Me
respectively.

Then, number of students passed in, one or both the subjects
=n(AUB)=n(A)+n(B)-n(AnB)=80% of x + 85% of X~

=(80 85 75 J_go 9

5% o’

-—x- —

-—-—x —
100" " 100 * " 100 %

00" 107"
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EXERCISE 10
(OBJECTIVE TYPE QUESTIONS)
. octions * Mark (/') against the correct answer :
Dl“ The ratio 5 : 4 expressed as a percent equals :
() 125% (b) 40% (0 80%
g, 3.5 can be expressed in terms of percentage as :
" (a) 0.35% (b) 3.5% (©) 35%
5, Half of 1 percent written as a decimal is :
(a) 0.005 (b) 0.05 (¢) 0.02
4, What is 15 percent of Rs. 34 7. .
(a) Rs. 3.40 (b) Rs. 3.75 (¢) Rs. 4.50
5. 63% of 3% is :
(a) 2.25 (b) 2.40 (c) 2.50
6. 88% of 370 + 24% of 210 - ? ="118
(a) 256 (b) 258 (c) 268
7. 860% of 50 + 50% of 860 = ?
(a) 430 (b) 516 - (c) 860
8. 45% of 750 — 25% of 480 = 7'
(a) 216 (b) 217.50 (c) 236.50
9 40% of 1640 + ? = 35% of 980 + 150% of 850
1 (a) 372 (b) 842 (c) 962
0. 218% of 1674 = ? x 1800 !
() 0.5 (b) 4 (c) 6

1
1 60% of 264 is the same as :

gtudents Weo

failed in both the subjects = [x - _.] = —

X _ 40 or x = 400. Hence, total number of students = 400.

215

(S.S.C. 2000)
(d) 125%

(R.R.B. 1998)
(d) 350%

(8.S.C. 1999)

d 02
(LM.T. 2002)

(d) Rs. 5.10

(d) 2.75

(Bank P.O. 2003)
(d) 358

(R.B.I. 2003)

(d) 960

(Bank P.O. 2002)
(d) 245
(S.B.LP.O. 1997)
(d) 1062 '

(d) None of these ’

(Hotel Management, 2001)
(¢) 30% of 132

(d) None of these

“(d) 9315%

1 (2?01“% of 44 (b) 15% of 1056
s caﬂdlda.tes appeared for an examination, of which 252 passed. The pass percentage
(a)
0 o (b) 835% & 905%
5 out
lff 2250 parts of earth is sulphur. What is the percentage of sulphur in earth?
(a) — :
2 1
e ™ (b) = (@ 7%
\vhat Noran— . N 9 45

| d_%_
'..()4.5
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ANSWERS

| Choosé the coirect Answer: (1) b 2)a 3)¢ 4 c (5 d

|| Answer'the following’: (1) 31875 (2) 1,19,320 (3) 19.975 (4) 3432 (5) 57,333 (6). 3137
(7) 500 (8) 3112.46 (9].2755 (10) 34987(11) 310.30 (12) 800 (13) 1000 (14) 45,925
'(45) 1335.58 (16) 23,519 (17) 15,644 (18) 48,620 (18) 7064 (20) 174.17 (21) 266
(22) 900 {23)8% (24) 46,000 (25)6989 (26) 5918.

4.6. DISCOUNT

Discoun ig, an allowance or a reduction from a stated amount. Discount allowed
bythe wholesaler to the retailer, discount allowed to debtors to encourage progapt payment,
issue of securities at a price balow the nominal vilue to attract the prospectite investors,

.amount chargéd by a bank et the time of discounting a bill of exchange etc. are the
examples of discount. |

4.6.1. Trade Discount : Trade discount is normally allowed by a wholesaler to a.

" retafler at a fixed percentage oMist price or catalogue price to promote salés. Itis
generally based on the quanitity of goods purchased. Itis recordedsig the invoice but the
sale and purchase transactions are recorded at net invoice price i.e. list price less tradé
discount. Hence no entry is made for trade discount in accounting records. For exa_mplj‘a, _-_

- “f Asellsgoods to B for Rs.1000 at a trade discount of 10%, the purchase price for B i’
only Rs.900 and sale price for Ais Rs.900. It means that the trade discount allowed or -
received is not at all recorded in the books and it is only the net amaunt which is recorded

on purchases or sales.

4 4.6.2. Cash Discount : Cash discount is offered to customers to encourage prompt
" payment. It is generally allowed by the sellers to the debiors. Cash discount Is not
shown in the invoice. it is calculated at certain percentage on amount due based on
the period of time within which payment is made. it is duly recorded in ,ac,cqunt.lhg
books by opehing discount account. Cash discount allowed is a loss ‘and cash

discount received is a gain.

llustration 1 : The catalogue price of goods sold hy awholesaler to a retaileris Rs.20,000.
The wholesaler allows a trade discount of 15% and also provides 5% cash discount if the
account is settled in 3 months. ‘Find what is the net price of the goods soid 7.

Solution :

Catalogue price of goods sold =  Rs. 20,000
.Less__trade-discount'-at15% = 20,000 x -1%% = Rs. 3,000
Invoice price = Rs. 17,000

Less cashdiscountat 5% = 17,000 x % Sl e g?o-
~. Netcashptice = Rs. 16,150
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lllustration 2 : A producer sells a .sofa set listed at Rs. 12,000 1o a retailer a,;
trade discount of 20% and cash discount 10%. The retailer in turn se:jls I|t Allowing 1?)":;
discount and gaining 25% profit on the cost. Find the sales price and also find g, the
marked price of the retailer.

Solution :
List price of the producer = Rs. 12,099
20° -
Less trade discount at 20% = 12,000 X =955 = MEQ
. Invoice price ' = Rs. 960
' 10 _
Less cash discount at 10% = 9,600 x 755 = Rs. g5
Cash price to the producer or cost price to the retailer = Rs. 8840
: 25
Add profit earned by retailer at 25% = 8640 X 75§ < Rs. 2,160
Selling price of the retailer = Rs. 10,800
; 10 _
Add discount at 10% on marked price = 10,800 X °0 Rs. 1,200
.. Marked price of the retailer = Rs. 12,000

lllustration 3 : A merchant keeps the catalogue price of a pumpset 60% above cost, but

gives 20% discount. If he makes a profit of Rs. 1400 per pumpset, find its cost price and
catalogue price.

Solution :
Let the cost price of the pumpset be = Rs. 100
Add profit on cost price at 20% = 100 «x % = Rs. 60
-.Catalogue price e = Rs. 160
Less trade discount at 20% = 160 x 20 = Rs.
~.Invoice price or sa]a price 100 % u
Profit on sale of pumpset = Rs.128-Rs.100 = RS. 28
If the profit is Rs.28, the cost price W
If the profit is Rs: 1400, the cost price  '= 100 “_and
- b 25 X 1400 = Rs. 50
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rice = : :
, catalogue P = Costprico + Profit on cost price

5000 + (5 _60_
(0000 X 100)

n

5000 + 3000
Rs. 8000

ms:cosi orice -—-= Rs. 5000
ostalogue price = Rs. 8000

nt worth ¢ The present worth of a sum due sometime later is the
i that can be pald now as a present payment of the later. If a person has to
sﬂ"“'l_Rs_ﬂg a year henhce, he would not lose anything by accepting Rs.100 now. in
wi® " Ra410 is called the Sum due, Rs.100 is called its Present worth and Rs.10
18 ¢ thie Discount on Rs.110. The discount which is the difference between the suis.
% {d the présent Worttis, in facj, the interest on the present worth, Tl;e :grms
¥ atworth, suim vue antl discount represent the principal, amount and s mple
e, respoctively. -

We derive the important farmulze néeded in this section With the folloiwing notations.

Let the present worth = -P .
. S R
Interest rate K i where, | = 700
Period in years = 5
Face value of the bill Is given by |
' A = P#Pnd
. A = P(*nd

_ pigE T SRR
Present worth is given by P = 3]

; ' ' hence at 20%
lustration 1 - th the present woﬁh pf a bill of Rs. 13,200 due 6 months

Pa, Simple interest =04
- ’ : A = | T I= 0-2; ni —1 0.5x0-2 o »
smuﬁm‘: A = Rs. 13,200; n= 6/12 = 05, i = 20/100

P = A
*1+ni
= 13200 _ 13,200 - 12,000
1+0.1 11

A lalal
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Alternative meihod
Let the present worth be Rs. 100

-~ - - D n i
Interest on Rs, 100 for 6 months at 20% p-&-
= 150}‘.'0.5 D2 = RS.I(].
* Sum due = Rs.100+10 = Rs g
’ = Rs.100.
If the sum due is Rs. 110, present wortn Rs A

’ , 200 _
If the sum due is Rs. 13,200, present vorth = 13,200 x =3 12,000
Rs. 12.000.

Present worth of the bill

lllustration 2 : The present worth of a certain SUMm of money du
Rs. 4500 at 12% p.a. What is the sum due?.

Rs.4,500: n=6/12=0.5; i=12/100= 0.12

e 6 months hence

Solution: P=
ni = 05 x 0.12 = 0.06
A = P(1+ni)
A = 4500 x (1+0.08)
= 4500 x (1.08) = 4770

Sumdue = Rs.4770.

4.6.4. True Discount : The seller. while selling goods on credit to the buyer,

= 4 charges certain percentage of interest to the actual sale price for the period of
credit allowed by him. Thus there is a difference between actual selling price and
the amount due from the buyer to the extent of Interest charged on the sale price.

This difference is known as True Discount.
Assume that X sold goods on credit to Y for Rs. 15,000 at 12% interest p.a. for 6
months. Now, X will draw a bill on Y for Rs. 15,900 (Rs. 15,000 actual sale price + 900

interest for € moths). Here Rs. 15,900 is the face value of the bill, Rs. 15,000 is the
resent value-or worth of the bill and the difference Rs. 900 is the true discount which is

p
the simple interest-on the present worth of the bill.
The formulae for calculating true discount is :

TD = Pni
Also, TO = A-P
L __A
P = A Ery
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A1+ ni) =

p = A(l+ni) A - Anj

1+nj T+ni

-~ _Ani
) TD = True discount

A = Face valug of the bill or amount due
P = Presentaworth - .
n = Period in years
i

= rate of interest

The true discount can also be co

+t and Banker's Gain. s
D = BD-BG
BD - Banker's discount
BG - Banker's gain.

puted as the_diﬁerence between Banker's

The true discount can also be computed as,

BG
™ = i

where, BG - Banker's Gain

n - discounting period in years
i - rate of interest.

' 145, Discounting a Bil! of Exchange : Sometimes, the holder ot the bills receivable

| s not keep the bill with him until the date of maturity. If he is in need of cash before

| % due date of the bill. he can get the bill discounted with the banker. The banker will
| targinterest at the prevailing rate on the face value of the bill from the date of d;scountl;r)"g

bthe due date and pays cash after deducting such interest from the value of thei 'u :

This s called discounting the bill. The banker would r.etaln the bill for the remaining

&M and obtain its full amount from the drawee at maturity.

% tate : The date on which the amount of the bill bacomes payable is called

8 date gr ‘date of maturity’

:°"']iﬂal duedate : The date on which the actual t

d:mmm Due date. For example, for a bill drawn on
"Rleis Sep.7.

orm of a bill expires is called Fhe
May 27 for 4 months, the nominal

re added to the date of

L‘*ﬂal d : a
e date : To calculate the due date, three days ed to the
Maty 0 caiculate : three days allowed
tnu. . °f the period of the bill. Thus the additional inqye of Grac:  The date
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o Legal Dué Date,
obtained after adding these three extra dﬂ;;el' c:g: cfiof_ha bl{??!rawl) on F;éb..‘l;?;ls I§
the date on which actual payment mustbe == ) (e date is Mey 15. o3

months, the nominal due date is May 12 and the | o
is the Interest charged by the

g discount i
§ € lod from date of discounting to the

176 BUSINESS M

7 *4.6.6. Banker’s Discount : Banker

bank on the face valuie of the bill for the P¢ charnad b "
of maturity. In o*thae:1 wcc:rds, banker's discount IS the amount charged by the p,,,

ting futur
at the time of discounting af the bill of exchange for discounting TUtUre cash g,

count. Generally, Banker’s disc
-toits presentvalue. Itis also callsd Mercanti!.e Dis It e int;’rue:t

is greater than true discount for the samé penod v 1are discount'is t -
cal%ulated on the present worth of the bill, Whereai;uga,n#gﬁ):%ker}; difcotitigt:;esl
calculated on the face value of the bill or on the sum due. v be.
calculated as follows.

i Face value| _[Perlod of | - {Ratef o_f}-
Banksr's Disoont = of the il [ digcount |- interest

_SWMIically,

BD = Ani
~where, | o E
BD - Banker's discount

A. - Face value of the bilf
n. - Period of discount in years.
i - raw of interest
(o)
BD = TD+BG
where, | o
TD -- True discount
BG - Banker's gain,

4.7. Banker's Galn : The difference between Banker's dis . i
Is known as Banker’s Gain. | Banker’s discount arid true discour

_ BG = BD*- T D
where; BG - Banker's Gain
BD - Bankers discount.
'TD.- - "Tnie discount,
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2bove gormula, we get the relation as
(hé

o™ = 80-T0
| = Ani - Pni
= (A=P)ni

g = TDxnl

gain ¢80 also be computed by
1

@ oG = BD-TD

= Ani - Anl
1+ni
_ Ani(1 +ni-1) _ A(nip
1+nl 1+ni
_ A(nip
L Bl = 1+ni
p A]
pso, BG = P (ni)? ¢ Pim o

#3c4 value of the bill can also be computed as

A = 22 (Since BD = Ani)
n

. BG
EE’E.%IQ (Since BG = TD x ni and ni = ﬁ]

BDxTD
Ts, Facevalue of bill (A) = ®pD_TD
By definition, value of the bill after discount is given by

Value of the bill after discount = A —Anl
= A(1-nl)

H Value of blll after discount
ence, Face value of blll (A) = e
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lustration 1:

rest per a or 6 months credit and drey » ...
rate of interest apr’m n? um. X, immediately discounted the bill with a banker atv:,ib'“
got the balance from the bank. Find (i) True discou . amgs

discount (jii ‘ nt (i m.omg
t (iii) Amount received from the Bank and (iv) Banker's gain. ) Bdm"e"i

Solution :

Sales value of goods

= Rs, 5100(;
Add interest for 6 months at 6% p.a. = 5,000 x %{T X 1—65 = Res,
~» Amount due or Face value of the bill _
& (i) True discount = Rs. 5150 ~ Rs. 5000 = Rs,
A = 5150; n =6/12 = 05, i =6/100 = 0.05
(ii) Banker's discount = Ani
= 5150 x 0.5 x 0.06
= Rs. 154.50.

(iii) Amount received from bank Face value of the bill— Banker's disco ‘g;f

Rs. 5150 - Rs. 15.50 = Rs. 499550

H]

(iv) BanKer's gain = BD -TD
Rs. 154.50 — Rs. 160
Rs. 4.50.

lllustration 2 : Find the true discount on a bill of Rs. §175 due 6 months hence, if 'f;
rate of interest is 7% p.a. Also find out (i) Banker’s discount and (ii) Banker’s gain.

Solution :
Given: A=5175;, n=6/12=0.5; i'= 7/100 = 0.07
Face value of the bill

A __ __ 5175
T+n  1+05x0.07

Less present worth of the bill i.e. = P =

5175
1.035

. True discount
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E: (i) Banker's discount = Ani
; = 5175 x 0.5 x 0.07
= Rs. 181.13.
(if) Banker's gain =BD -TD
= Rs.181.13 - Rs. 175
= Rs. 6.13.
justration 31 A bill for Rs. 3245 was drawn qn 10" February at 6 months’ date and
. dfscounted on 5" May at the rate of 9% p.a. Find (i) Banker's discount (ii) True discount,
(il Amount receivéd from the Bank and (iv) Banker's gain.
solution :
Legal due date of the bill = 100 August + 3days = 13" August
period of discount = 50 May to 13" Aug.
= 26+30+31+13 = 100 days.
A= Rs. 3745; n = 100/365; | ='9/100 = 0.09;
nio= 290 » 009 = 0.02466.
365
(i)' Banker's discount = Ani
= 3745 x 0.02466
= Rs. 92.34
{ii) True discount = An ’_:
1+ni
- 9234 _ 9234 _ pe 9012

1+ 0.0246 1.0246

~Face value of the bill - Banker's discount
Rs. 3745 — Rs. 92.34 = Rs. 3652.66.

(iii) Amount received from bank

BD-TD
Rs. 92.34 — Rs. 90.12
Rs. 2.22.

(v) Banker's gain .

1]
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Wustration 4 : A bill of Rs. 5 ]
5 . 9200 drawn on June 7 for 3 months was discayn
Rs. 5094 at 12% P.a. On what date was it discounted 7. o1y
Solution: Given A = Rs.5200: n = 3/12 = 0.25; | = 12/100 = 0.12
Banker’s discount = Rs.5200 - Rs. 5094 = Rs. 106;

et us first find out the discounting period

o .E_i.[l (~BD = Ani)

106 -
= = 0. .or 0.17 x 365 =
5200 x 012 _ 017 yrs 62 days

= The bill was discounted 62 days before maturity.

Due date of the bill
62 days before Sep.10
.. Date of discounting

June 7 + 3 months + 3 grace days = Sep. 10, |
Sep. 10 - {(Sep.) 10 + (Aug.) 31 + (July) 21} = July1g
July 10.

lllustration 5 : A bill of Rs. 5,000 drawn on 6 months was discounted for Rs. 4,880 gn
July 8. If the rate of interest was 10% p.a. on what date was the bill drawn?

Solution: Given A = Rs.5000; n = 6/12 = 0.5; i = 10/100 = 0.1.

Banker's discount = Rs.5000 - Rs. 4880 = Rs. 120

Discounting period (n) = B2

120 : *
Z — = 0.24 or 0.24 x 365 = 88 days.
5000 x 0.1 e 2 ¥

Due date of the bill is 88 days after July 8:

.. Due date

(July) 23 + (Aug.)31 + (Sep.) 30 + (Oct.) 4 = Oct.4
Oct. 4 — 3gracedays = Oct. 1. |
. Date of drawing the bill = Oct. 1 = 6 months = April 1.

.. Nominal Due date

lllustration 6 : Abill of Rs. 12,775 was drawn on June 10 for 4 months. Itwas discountt
at a bank on July 20 for Rs. 12,537. Find the rate of interest charged by the bank.

Solution :

Due date of the bill
Period of discounting

June 10 + 4 months + 3 grace days = Oct 1
(July) 11 + (Aug.) 31 + (Sep.) 30 + (Oct.) 13
85 days. |
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. me 42778 = Re, 12,87 =< A2

panker's discount
A= 12,775, n=85/365 = 0233 BD=238 I= 7.

. o BD [« BD =Anl]
AN
238 x 365 X 100 = 8% p.a
12,775 x 85

.. Rate of interest charged by the bank = 8% p.a.
s at 12% p.a- Is Rs. 36.

: er' fter 6 month :
gration 72 The banker's gain on a bill due afler ® oo of the bill.

:':: the (i) True discount, (if) Banker's discount and (iif) Face V
solution :
Given: BG = Rs. 36, n = 6/12=05; 1=0.12. |
(i) True discount ‘= BG [+ BG= TD x nil
ni
_ % _ = Rs.600
05x0.12
(i) Banker's Discount = BG+TD
- Rs.36 + Rs.600 = Rs. 636.
BD x TD
i lue of the bill = ————
(i) Face vaiue =D — 7D
_ 636x600 . 381600 _ Rs 10,600.
636 — 600 36

count and true discount on @ bill due 6 months hence

lustration 8 : The banker's dis
ly. Find the amount of the bill and rate of interest.

~ are Rs, 275 and Rs. 250 respective
Solution: Given: BD = Rs. 275, TD = Rs. 250;
BG = Rs. 275 — Rs.250= Rs. 25; n = 6/12 = 0.5.

Amou i BD x TD
nt of the bill . '———'———BD ~TD

275 %250 _ 68750 _
——-—-—275 ~ 250 T Rs.2750
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BD [ gD = Ani
An

- 275x100 = 20% p.a.
2750 x 0.5

llustration 9 : Find the pre

sent worth of a bill drawn on April 15 at 3 Mong
3
discounted on May 6 at 7.5% p.a. for Rs. 39,991. !

Solution : :
Due date of the bil = Apr. 15+ 3 months + 3 grace days =
Date of discounting = May 6.
~.Period of discounting (n) = (May) 25 + (June) 30 + (July) 18 = 734,
Let the facg value of the bill be Rs. 100. |
n=73/365=0.2; i=7.5/100=0.075; A=100.

BD = Ani = 100 x 0.2 x 0075 = Rs. 1.50.
. Discounted value = Rs. 100 — Rs. 1.50 = Rs. 98.50
For discounted value of Rs. 98.50, face value = Rs. 100.
~. For discounted value of Rs. 39,991, face value -
= QL?:O x 39,991 = Rs. 40,600
Let present worth the bill be Rs. 100.
- Sum due = Rs.100 + (100 x 0.2 x 0.075)
= Rs.100 + Rs. 1,50 = Rs. 101.50.

For the sum of due Rs. 101.50, present worth = Rs. 100

Forsum due Rs. 40,600, present worth = —100 _ 40600 = Rs. 40,000
Present worth of the bill = ‘Rs. 40,000

lilustration 10 : The difference between true discount and banker's discount o &

due 6 months ‘hence at 12% p.a. is Rs. 7 ; _ e an
(i) Banker's discount. 2. Find (i) the amount of the bill 8

Solution : Let the present worth of the bill pe Rs. 100
PW=100; n=6/12=05; |= I 0.12
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e iUt = 100-x 05 x8.12 = Rs.6.
e sum AU T-PW+TDe & Rg 100+Rs6 = Rs. 106.

go=Ani =106 X 05 %012 = Rg g3g

e difference between Banker's discount andsTrue discount

= Rs.6.36- Rs.6.00 = Rs.0.36.
{ the difference (BD -TD)is Rs. 72, the sum is
" 106
= Lo 72 = Rs. 21,200
0.36
@ The amount of the bill = Rs. 21,200.

(i) Banker's discount = Ani
Rs. 21,200 x 0.5 x 0.12 = Rs. 1272.

jlustration 11 : The banker's discount on a certain bill is Rs.710 and the true discount

R, 660 -2t the same rate. What is the amount of the bill 7.
qoution: Given: BD = Rs.710; TD = Rs. 660

- ; BDxTD
tof the hill = Rt o
Amoun =
. 110 x 660 _ 468600 _ pgg g37p*
710 - 660 50

lustration 12 : A bill was accepted on 8" Jan., 1985 for 4 months. It was discounted
011" Feb. to meet a bill for Rs. 9900 due on that date. If the rate of discount was 4%

pa, what was the face value of the first bill 7.

Solution
Due date of the bill = Jan.8 + 4 months + 3grace days = May 11
Discounting period = Feb.11toMay 11. = 3 months.

"= 3122025 i=4/100=0.04; ni = 0.25 x 0.04 = 0.01.

Value of the bill after discounting

n

Face value of the bill (A)

1-ni | |
_ 9900 - 9900 . Re10,000
1-0.01 0.99
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THEORY OF SETS

._gr?gagggaﬂ.iﬁ_igEg
Dr (1845-1018). We often lalk about sets of objects such as set of students, set of
divisions, set of Industries, set of iIncome eic. In set we deal with a group of
- gg?n&:&iﬂ:ﬂui&u_ﬁegguﬁ.%eﬁ

l .,.U.l.-___to& ! Aset Is a well-defined collection of objects. We may describe a
it @3 a collection of objects viewed as a whole.

. The objects forming a set are called elemants or members of the set. A set may
Inay not always contain elements having a common property.
e

mples of sots : (/) The set of all students In a cldss room. Here individual
are called elements or members and collection of all students is called a set.

) The set of Public Sector Industries In Indla. This is a set of well defined
because public sector is a well defined concept.

Generally we denote sels by capital letters such asA, B, C.......... and the elements
small letters such as a, b, , ....... If '@’ Is an element of a sel S, we denote it symbolically,

(Read as 'a’ Is an element of ‘S’ or 'a’ belongs to 'S'). If on the other hand, ‘a' is not
i element of 'S’ we write a ¢ S (read as ‘a’ is not an element of 'S’).

Description of sets : A set can con&ﬂ_.v&sﬁ:wo:moﬁsmﬁﬁsang

() listing elements
« (W) stating common property
: .‘.._.h \ (li) precise statement

A set Is given by listing Its elements in & row, separati
. 8nclosing all of them in brackets ( ) » Separating them by commas and

Thus. if a set S conslsts of five letters a, b, ¢, d & i
_ +0.C,dande, wewrite S=(a, b,c,d, e}
This method of representation is called Roaster or Tabulation or Enumeration 33,3*.

Examples : () The set of positive integers less i
than 10 is gi
. S uﬂ_.m.m_;.m.m.w.m.ﬂ g

s aggregate, collection and population have the same meaning as that of sel. §

|

canner

8 Sot bullder of Rule defining method.,

Examples : () wu_x_u..goi:girﬁnasagsv : _
Amiussﬁ._.s.:n.gv_r.-ii%gia&!5..!
— of &ll x such that x Is an even positive integer loss than 10. : 3

Thus, S ={2, 4, 6, B) ;

"~ Scanned with CamS
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:_Umu_._x_x_mnésa:_._ mq.u__asm_!ﬁama‘ ”
Thus, S = {a, e, i, 0, u) .

(lii) C={x | xIs the components of cost of production}
Thus, C = {materlal, labour, overheads)

h_.».u. By procise statement : Aset may be represented by means of a precise statement
n words.

Examples : (I) Natural numbers 1,2, 3,4, 5,6 may be represented by this method as
below.

S = sét of first six natural numbers.

(i) Elephant, Tiger, Lion can be represented by :
S = Set of three wild animals.

1.3. Type of sets : i
1.3.1. Null set : A set having no slement Is called a Null set or an Empty sat or a

- Void set. It must be noted that a Null set is a subsat of every set. Itis denoted by"{ }'

or the Greek letter ¢ read as * phl * % 5

Examples : (1) The set of all women presidents __.d. __é,ns_mcml._ :
(2) maﬂa_ﬁagggiﬁﬂsqgwﬂ?ﬂ
(3) A={x| xeN, xisa perfect squara and 26 <x < 35}.

Note : A Null setis a finite set. y

l!



et A e i iy o slrrt a3 sglon s
. () Thesetof momers of apersan T
ﬂnv >'.B Y F b/ o : v LI "
* () The set of all roots of the equation x -3 =0..7= o
(W) )lx._xr-.%]!ué,?aeia

vi. ThesetAls called a subset of the sst S If svery slement of Als also

nm.uﬁi.&.ﬁ;wﬁ.ﬁ_i_:m.:a
. n element of 8. Thus, if A Is a subset Al Inckihd WX

v

. Y
,.“i!.)nms:_ﬂ_gcoaﬂm "Als a subsat of 8 or
._,uazuesouﬁ_ua_&o:uzv_minn:mumu.)mita&oud_-::_u_!.no_&
'o¢ °S contains A”. _
_.nr!coasaq_a)nmaomauﬁm"mﬁéo_oaa:_ﬂbmum_uomsnﬁaao«m
' “fmxeA= x ¢ S. (Read the symbol = s “implies that’)

-. ..u E?ouo_o__uqcnmzuagaamaonmuma:m::mw m:ummﬂo__ﬁnmoﬁo«
. all students in a college.

A= {x | xis a student in C.PA. College}

B = {x | x is a commerce student in C.P.A. College}

ThenB c A.

~ (2) Thesetof even positive numbers {2,4,%, ..... } is a subset of the set of
B all positive integers {1,2,3 4,5,6..... }.

. (3) If'B'is a set representing the sale (in units) of a commodity and ‘M’ be
the sel reprasenting the entire quantity (in units) manufactured, then
B is the subset of Mi.e. Bc M.

(4) A={1.2,3,4).B=(58.14,6,273}
thenAc B..

of subsets :
(1) The empty set is a subset of every set.

- (2) Every setis a subset of itself [e. A< A.
eg.A=(1,2 3)CleatyAc A

(3) AcBandBcC=>AcC
o ©3A={1,23)B={1,234,5),C=(1,%3;4,5,6)

THEORY OF sers "

_JMdstration 2 . When
. A={2,7,0,15);p=(20
i o= _nﬂ-N_ﬂ.A =
it 2,17,0,20,2,7), anay >nm..“ran {30,19, 1, 15,
-.——.—0—- —53)'“. ﬂ.ﬂ. ,_3" m.g. ._N-N-ﬂ.w.*m. Au

LACB . .91
Given B :

"E.dﬂ-”«ﬂ.o. ‘m ﬂ.. = 1
~BecC T C={30,10,1,15,22,17.9,20.2.7)
iﬂ?)nmﬁwnﬂﬂvr_nn

~ The stalementA ¢ C Is comect.

1.5. Remark: An element x

of
Is asubset of A a sstAcannot be a subset of Abut the singleton set {x}

le.xzAbut{x)c A

1.6. Number of subsets of a set : If thers ars ri’ elements In a set: ez
; 3 set; there will be
subsets for the sat. For example, if there are 2 elements in'a set, the total no. of

u:ﬁm_us_.__g.mnn@.=§5u§5m§§3§§1§(§3
2=8andsoon. - L

Nustration 3 : Write down the subsets of the set {5, 6, 7) -

Solution : The subsets of the set A={56, 7)are:
(6.6.71. (5. 615, 7. {6, 7). {5}, {6). (7} and 4.

1.6.1: Power set : The set of all distinct subsets of a set s calied a power set. It is
symbolically denoted by p (A) read as power set of A. In the above illustration, the power
set of A can be written as follows.

|
P (A)={{5. 6, 7} 15, 6}. {5, 7}, {6, 7}, {6). {6}, {7). ¢}

1.7. Proper subsets: Aseot S is called a proper subset of B I S Is a subset of B
and B has atleast one element which Is not in S. It is symbolically written es S < B.

Examples : S={1,2, 3,5},
B={1,2 35,9

Here S'c w_mmnmcmmamaﬂjmn.u «m&.mﬁd
lllustration 4 : A={3,5, 7}and B={x | 2x=40). I ﬂ?%ﬂ_—ﬁgd

27 - %

SYBcA DIASB o Ach

Solution: Given A = {3,5,7} i1
B={x|2x=10} = ({5} - : {2x=10, . x=5}
We can conclude that (a) B < A is only true.
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Bvatsption 8 < Write proper subsets of 8) {0, 1) and b) (8, b, )

“Bolution ; 8) Proper subsats of the set (0. 1) are {3, (1} and ¢

b) Proper subsets of { a, b, ¢ ) are {a), (b}, {c), {a, b}, (a. c}. (b.<) and ¢.
'1.8. Equality of sets : Two sets A and B are sald to be equal If Ac B and Bc Als.
( swgry slament of A Is an slement of B and every slement of B Is an element of A.
_Thus, A « B Implies that both have the same members.
Examples : () A=(1,2,3); B=(3,1,2) . A=B,

L) A=(3,4),B =4, 3)and g A
R C = {x | %Is an Integer and 2 < x ¢ 5) = (3, 4}

gt ¥ ul .-n)HmnO . &N
Mhustration 8 :  Verify whether A = B from tha following -

T (@ A={1,2,3)and B = (x| (x- 1) (x-2) (x-3) = 0)
_Bolution’: Given A = (1,2, 3)
PR 3 B = {x|(x-1)(x-2)(x-3)=0)
0 SoMing x-1=0 o x=1; x-2=20 . x=2, x-3=0 -~x=3
- = B={1,23) Thus we conclude that A = B
") A={1,3,5.7.9)and B= {x | xisa positive odd one digit number)
ﬁ -!S_o: ‘Given

et shanm e {1,3,5,7,9) and

{x | xIs a positive odd one digit number)
(1.3,5,7,9) -~ A=B.

1.9. Finite and Infinite sets :

u_F._ Finito sot : Asot Is sald to be finite, if it has a finite number of elements. Here
elements can be counted by a definite number.

xam : (I) The set of students in a class is a finite set.
() A={4.7.9.15, 22 30}is a finite set, for, A has 6 elements.

(i) A= {x| xis an even positive integer < 100}, is a finite set, forAhas 50
elements.

A=(1.23 ... }iethe set of all natural numbers.
A = {The set all human wants)

._p lul...!.a i)

ner

Scénned"Wifh'_Céﬁ-iScan

b
' ‘._a......_._r!;:_ b

gﬂ ' Statg = ot
an:-u.._ a’fﬂ arg finis or

£ " ey E § 1 = .
A T
Bolution:: ) xu(4 .

t-gﬁ!.gu Eﬂiiﬂ!g;s?lx&
M A= (2" | n s @ positive integer
¥ HN.-“_.Q.&.-IIV
_. :...u;o..i...ur!i-!
) vy =

{yly=e aisanintager)
(2232488 )

{0.1,4,5,16,25, ... _)isen infinite spt
I_.ll._!vo-ll.l:.il TG

Note : Ods an Integer. But it
1.10. Universal get :

?.;12933232_:55;; subsets, is calied
an universal set. Rt is usually denoted by U or X._ - .
0. (1) If we consider the set

of commerce he sel of
5 ey Sudents, Economics students and fhe sat of

g.i?i!r!llli!?i

S_ hgaggli _IEI-_.III-I! of Asscciate
members of LCWA L g 4 f g e -_!

1.11. Venn diagram :

English logician Jonn Venn (1839-1923) Introduced the idea of representing a set
with geometric Intuition. Such pictorial represenfation Is known as Venn diagram.
Thus venn dlagram is a pictorial representation of different types of sets. Several
set relations can be easily shown by these diagrams. The universal set, sayUor X is
usually represented by a rectangle and other sets say, A, B, C are shown through circles
or closed curves inside the universal sat

These circles Intersact sach other, it there are any common elements amongst
sthem and if there are no common elements then they are shown separately as disjoint
clrcles. The venn diagrams are useful 1o illustrate the set relations and set-operations.

U

Egi.l




© BUSINESS MATHEMATICS
. At like the fundathental mathematical operations |.e. addition, subtraction,

mpiication and division there are some basic operations on sets. They are union
U, intersection n and difference ~. Let us explain set operations with Venn diagrams.

4121\ Unlon of sets : It Is the set of all slements which belong to sets A or B of
~ beth AahdB. The union of two sets A and B Is denoted by A B and s read as "A union

._ ).c,wl*u_xm)uqummo_.uoa..w

LM A = (1,234,5; B=(67)
st AAUB = (1,2/3,4,45,6,7)

«,._,.‘._._.._ ﬁnu . >u_..._...u_u.a,.u“m n,rw_.m-u w__..m. 6}
My i Y AU LASAST |

L) A = (cow, man; school, wown);. B = {school, orange, square}
AL <. . ~AuB £ (cow,man, sthool, town,brange, square)

_,,___”._{«. ) sig diagram the shaded area represents A u B.

e
&,
-

2 WA=(1,2,3,4): B={0}and"C = ¢ then find “
()AuB (i) RAucand (i) BuC

.IIBJ QvenA={1,2,3,4);B={0)andC=¢

MAuB.={1,23,4,0) (iAo C={12 3.4} (ii)BuC={0)
oF : Jor B Is a singeton set with "0" as tne element.
LB .?o:u:oﬂ : It s the set of all elements which belong to both A and ]
. 1B The intersection of two sets A and B Is danoted by, An B and Is read as "A cap B” or :
.. "W Infersection B |
" AnBafx|xeA and x ¢ B) |

E!lu B . 1

(
{a.bc ) Bz(gfg)
En—us._)eﬂmnaﬂ.ﬁenﬁaug

AnB = é.In
In

-wh.ngﬁ_-:tio:!"?.oo:ﬁ;o: set A ls the set of all elements
nUwhichare notin A LetAbe a subsatof U, The set of all those elements of U which

are not in Als called the comiplement of A. It s denotsd by A’ (read as *A dash®)

A = U-A

= {x|xeUandx ¢ A}

mﬂ-%ﬁ o

ﬂ c = -M- .UI“h- J\Q--ﬁ- -cu
m A n%_umba 4

~ A" =7{1,3,578) :
2) U = Setof intagers.
@ A = {Set of negative Integers) -

A' = (Set

of non-negative Integers
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| is clear from the above example thal &
_u_w)c!..c M) AnA'=¢ (@U=¢ (v) ¢ =V

5 11 following Venn - disgram xhibils the complament of 8 SatA s

haded portion,

_u\-_-!!._o. of two sets : The difference of two sets Aand B Is the set of all

nrn!.uﬁ by A ~ B. Sometimes '~ W also denoted by *-'
"A~B={x|xeAbut x¢B}
_ A={1,2.3,4) B={2,35,6)

0., B |: 3 B-~A={(5 6}

It s clear from Em above example that

()A~BzB~A (2) (A~B)n(B~A)=}% (3) A~A=4¢

. Dﬁ.....-.:.-nn difference : The symmetric difference of two sets A and B is the
: union of A~ B and B ~A. Itis denoted by AA B.

AAB = (A~B)u(B~A)

i WA = {ab.cde) B={abefgh}
A-B = {c,d); B~A=(fg,h}
AAB = (A-B)U(B~A)

: {c.d.f, g h}
~ . Inthe following Venn diagram, the shaded area represents A A B.

o]
1
>
"

b
L
w
"
i

Mm:nEEH_“_

Note :AUB=(AAE  (AnB)

THEORY OF SETS
1.13. Theorem i
(a) Union and intersection of sets are commutstive
() AuB=BuA (i)BnA=ANnB
(b) Unlon ana intersection of ssts are assoclative -
if A, B and C aro any three sets, then :
(HAUBUC)=(AUB)UC ()A n (BNC)= (AnB)nC.
\\—34_.55_0:0 : HA={1.01); WU-P,._.H" C ={2, 3} then prove that
MNALBUC)=(AuUB)U C (A N BAL)=2 ARB)AL
Solution : (i) We have ¥
AuB={1,0,1,2;BuC={0,1.2,3,
o \.rc BulC)={10,1,23 .remerrerrernr (1)
Also (AUB)UC ={-1,0,1,2, 3} oo (2)
Thus, (1) and (2) ImplyAu(BuC)=(AuB)uC.
(i) wehave AnB={0,1;;BnC=(2)}
AN(BnC)=¢... e (3)
Also(ANnB)nC=¢ : (4)
= (3)and (4) ImplyAn{BnC)=(AnB)nC.
1.14. Union of sets distributive over Intersection of sets :
Au(BnC)=(AuB)n(AuC)
IBdstration 10: IfA={0,1,2);B={2, 3}; C={(3, 4}, prove that
Au(BnC)=(AuB)n(AuC)
Solution: We have,AuB={0,1,2,3}Au C={0,1,2,3,4)andB nC ={3)
AuBnC)={0,1,2 3} rerrininnnsnsssnenea (1)

Also (AuB)n(AuC)={0,1,2, 3} ..
(and(2)=>Au(BnC)=(AuB)n(AuC)

1.15. Intersection of sets distributive over unlon of sets:
An(BuC)=(AnB)u(AnC)

\-4:.52034._. fA={uv,w}), B={w x}and C ={x,y, z}, prove that
AnBuC)=(AnB)u(ANnC)

e (2)

17
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o _‘ ~ -ﬁ"p,‘;ﬁ!}- = _
R -

(i) wehaveA’'={0, 2, 4} A -
L AUA‘={0,1,2,3,4,5=U (i)(a)={1,35)=A (i) (AnA")=4¢

\... —n‘ﬂna:?tﬂﬁn&ﬂ (AU =A ()AuU=U- (@)AN$=¢ :6)::-.5

NV w De-Morgan’s Law : According to this law (i) the complement of union of :__o
Is the intersection of their complements. i

TICS :
BUSINESS MATHEMA S _._goqw.mvﬂ.*\. : T e
. - mcnlﬁ‘.Kc ' ._.“. ustrat) . 5 n{ = :
-l..e.o.- We have AnB = {w); AnC Q!&.. ] | e M_w%ull. 4. B = (1, 3); C = (1, 2, 3) Prove that
SATLD UG Rl i ) : i ﬁcsia_?scs ~C)=A-@nC)
H.pDE ..):9.!3 el :..)39 : ” Solution : (i) >-mlmn._-r> -C=(4).
- (Wi (2) = An (B uC)=(AnB) ¢ “(A-B)n(A-C)=(4)
-.Fn-aﬁ_iuaial @) AuA=A (i)AnA=A £ nrﬂmiﬂsﬁucnu: .2,3) 9
2 Uld®{ 4] iiicins
932!:39&13‘-&'“ ] : oo - (2
H_U AUA'=U As a’.—._l_’ —.Ev n’ﬁ)vl% y .. —..u_.g:w!a_n”v:a ?awubgtnwlhnamcnw '
: o (i) we have (A-B)u (A-C)={(
when B S S—
[ ey 1 vl oot s e i AW BAC (1,3 @ ik
” ~A-(BnC)=(24) “

From (3) and (4) we get (A-B)u (A-C)=A-(Bn C)

Egagsugl.ﬂga-lu

The positive Integer, attached to a finite indicate the number t!ll
of the set Is called the cardinality of the set. =i e -y

Itis denoted as n (A) or |A|. For example if A= { a, b, c,d} then n (A)= |A] =4.

The cardinary of sets likeAv B,AnB, A-
i B elc can be calculated by using the

1 nAUB) = n(A)+n(@)-n(AnE)
2 n(AUBUC) = n(A)+n(B)+n(C)-n (AnB)-n(BnC)-n(ANC)

e ‘«-.-,.1.-_.3

“(ll) The complement of Intersection of two sets Is the union of their no:.u_!._l:I.

: ..._..-vao Morgan's laws for two sets ! :
j () (AuB)'=A'nB'and (i) (AnB)' =AUB’

. Mustration13: IMU=(0,1,2,3,4,5);A={0,1,2)and B ={2 4 ) prove that

(i) (AuB) =A'nB’ and (i) {AnB) =AUB’ e + n(AnBn C)
_ njf(AuB)] = n({U)-n (AuB)
Solution : (i uB =0,1,2, _
gem:- ) an.ﬂh_s Mm 0 r (4 NAUBUCY] = n(U)-n(AuBuC)
Alsowe have A = {3.4.5); B'={0,1.3,8) ("  n(A-B) = n(A)-n(AnB)
“A'nB’ = (3 5).. . 1.21. Remark: If n (A) =k, then n (p (A))=2*
| From (1) and (2) we get (Au B) A" n B %amaﬂo_m;u:.m.ﬁ S - nm_ = 2% 9% g
(i) we have AnB =(2) Here n(A)=3..
S (ARBY =(0,1,3,4,5} e (3) and p(A):= {{1), (2). {3}. {1. 2. {2. 3). {3. 1}, {1. 2. 3}, ¢}
Alsowe have A'U B’ = (0a1,3,4,5) .. ..............(4) ~n(pA)=8=2.

As another example, let B ={a, b}
Heére n (B) = 2and p(B) = {4, {a), {b}. (a, b))

-0 (p(B)) =4 = 2

if C = ¢, then p (C) = {¢).

From (3) and (4) we get (AnB)' =AL B
=8 .E\O\.H__oﬂu:.o laws for three sets :

() (A-B)n(A-C)=A-(B.C)
y ; n_.w ﬁ)lmvr.ﬂ)_unbnhu_..m_.dnu
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“MC)=0 and n(p(CH=1=2" ke
Thus If Ais a et with k elements, then p (A)
1.22. Miscelianeous Illustrations ! oy
H B
Hiustration 15 : Express the following sets by the Roaster
- a) ?!mnaaﬁggaaograiﬁ_&g_aﬁ N
.. 'b} The set F of all pasitive proper fractions, with
€] Ae pFixelN} =1, %5%4,S (b
d) S = (x|x1-0x+20=0)
e) P ?__xmw._‘.nw.nu&

Solution :

gol with 2* elements.

@) G = {a p,y, 8
(b) F = {15 25, a5, 4/5})
(€) A= (14916 ..)
(d) § = T‘yu.thmcng
= (4, 5), «__._._mm.%. 5 are roots of the equation x*-9x+20=0
. —guimats 5
(8) P = {x|xeN,x*<50)
= 1.2 3 ..., 7).
Exo: 16 : Wnite down the following sets in Tabulation Mathod.
! () Set of all natural numbers divisibie by 7 and are less then 100,
(ii) Set of all prime numbers betwesn 18 and 51.

Solution : () The natural numbers divisible by 7 are, 7, 14, 21, ... Since the numbers
are less than 100 we have,

S=(7,14,21, ... 98).

(i) We know that prime number 'P'is an integer > 1, and is divisible by '1'
and'p’only. Thus, 2,3,5,7, ... are prime numbers. Hence the required
setis: P ={19, 23, 29, 31, 37, 41, 43, 47}

J
_Mustration 17 : Express the foliowing sets in Rule Defining Method.

(a M {1.2,3,4,5 6)
(b) E 18, 12, 18, 24, 30, 36, 42 48, 54)
€) I = Setofal integers between - 15 and 15,

A TR e

S e

o] ke i

THEGRY 8 weTy
Solution :
(8) wohave M = (1.2.3, 4 £.g

?_u_:ifu:!ﬁlaﬁ
= {x|jxe Mx:cg

b) wehawE = ﬁm.._n.._w.m_?ub.w@,nﬂa.m.ml.\.

- ﬁ:.r.quE:S
= BxixeN 12255
() wehawe) = 61 of ofl integers becween - 15 ard +15
= ?:mn..._mauh._ﬂ
Sidstration 18: MA=(5, 10, 11)and B =
following is true 7
fa) AcB (b)B<A {c)a=g
Solution: A={9,10,11} B = F;mNH__nmn-A_B
{8.10, 11, 1y
7. wa conclude that (a) Ac B is true.
\_ajﬂuno:._f Given A = ({a, b}, b, Q. de. 7).
EEQEQ;E&.E

(a{a.bjzA @m{aber ()deca Clgzh l=fea
® Gea @A M ecA Hach

_n.nl!,ﬁlquwdun-a..m_(.kﬂﬂﬁl

Solution :

(2) {a.b}c A - Faise, for(a, blisanemmet o A

(b) {,b)}= A -True c) geA-Tre

(d) d<A-Faise g) fcA-Faise

(0 feA-Troe (G) MeA-Fase

(h) {de}cA-True () acA-Fase
P

.\z__._n_._.,ao: 20 : Wnite cown the subsets of () {s. (#}} and D) {1.{2. 3}

Solittion : (a) The subsets of the set {4, (]} 2= - {0, o1}, {8 1. {141} 2 &
(b) The subsets of the set {1.{2.3}} are: {12 30, {"l. fZ W e e

lllustration 21 : Which of the foliowing mﬁuﬂugﬁnaﬂquﬂiﬂmu
(@) A={x|x+5=5 @) A={x x-1=0sdx=2=T}
(e) A=[0} (d) A={xi{x-1p=0
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uarlo: ?_ A = [x|#+5=5)
;.- = (0} is a singleton set.
{b) B = ?_x-._UQn_..n x+2=0}

?tiu;lsslgs!:-easffnnﬁu+nuu=35§§=s
-lmi..ll!lql :tﬂ_.n.& a null et .

SR

singleton set.

{x|(x-1p=0)
(x-1P=0 = (x=-1)(x-1)(x-1)=0
= x=lorx=1orx=1

(d A =

The value 1 Is repeated three times.
£ - The solution of set is A = (), which is a singleton set.

i -Ihu:g 22 : Stata whether the following statements are comect or ot 7

e (a) WA={2,3;B=(3 2landC={x | x-5x+6=0} thenA=B=C
. Solution: A = 12, 3;:B=(3 2

e

= x| (x-3)(x-2)=0)={3, 2)
Singe the elements of A, B and C are all same, we conclude that A=B =C'

e

3
s
JE

(®) HA=x|x-3x+2=0).Be x [(x- 1P (x-2P =0} thenAc B,

= {x :_?_:x-,_:x-m:x.»:x.sus
={xIx=1,1, 2.2, 2)
(1.2

Since sets A and B have the same elements, AZ B, therefore A B is false

i
€ A = {0). Since. there Is only one element, theset A = {0} |g5

= (x| x*-5x+6=0)

Solution: A = {x{x*13x+2=0), m,.
, xlx-2)(x-1)=03 “_...m.,‘
20
m.. > B = ﬁx:x-.:uﬁu-mv_uﬂ w.. :

e T e s

L=

\cs\Jo_.uu i;&a?%&iﬁiﬁiz&igq

A = {101, 102, 103, 104 _
It Is an infinits set.

B

(il) Set of human beings in the world. _:an?_.w,uo..
(iii) Set of perpendiculars to a given line. It is an infirts set
(M A = {x |xis a rational number}

{x|x=pig;p,qeZ, q 2 0}
It Is an Infinite set.

v) A

= {x| xis a positive divisor of 20}
= {x|x=1,24,5,10 20}
It Is a finite set.

Ikatration 24 WA={1.2,3};B=(1,2,3,4,5 and C = (3,4,5, 6}
find () AAB (W) Au(BAC) (i) (AAB)nC
Solution: Given A={1,2,3;B={1,2,3,4,5)and C= (3,4, 5.6}
() AAB =(A~B)u(B~A)
A~B =¢;B~A={4,5
Therefora AAB -?..E_._B..B : 5)
(i) Au(BAC)

BAC = (B~C)u(C~B)
= (1,2}v (G}={1.2,6)
Au(BAC) = {1,2,3}u{1,2,6)=(1,2,3,6)
(li) (AAB)nC
wehave (AAB) = (A~B)u (B ~A)
= gu{4.5)={4,5)
(AAB)NC ={4,5}n(3,4,5,6])=(4,5}

._.go: 25: GivenU={(a,b,c,d,e,f}, A={a b, c},B={b,c.d,e}andC={e1).
Find (AnB)n (A uB)n(AuB)

Solution :

AnB {a,b.c}n (b, c,d,e}

{b, c}
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: .._\..im.m.-:__).cuv:?cm,_u ®.¢)nb,c d.efn{eb. c.f}={b, ¢}

@bg».. If A= (x]xlsan integer, 1 < 40) and

X
B = {x | x Is on Integer, 21 < x =< 100} findAuBandAn B,

-.&S._o:. A = _.uﬁ:_un:_:snoq.uunhﬁo.._
et = (1,234,540}
B = (x| x Isaninterger 21 < x <100}
= (21,22, 23......, 100}
SAUB = (1,234, ..., 40} u (21, 22, 23, ........ . 100)
= (1,2 3,4, .. 100}
(AnB) = (1,2, 3, .. 40} N { 21, 22, 23, ...... 100} B
= (21,22, ..., 40} ¢

<
<

»

. results. A-B=AnB'=B"- A’
B Solution : We have,

A = (2 4;B=(4,8)

From (1), (2)and (3)we gst A-B=AnB' =B -A’
Ministhation 28 ; HV={x|x+2=0)R=(x|x+2x=0)and §
whether V, R and S are equal or not?.
Solutlon : D__..m::u_..x_u+mun~
={x|x=-2)={2
R={x|x2+2x=0)
={x|x(x+2)=0}=(0,-2)
S n?::n-mng
u?__x:nx-x.mue
g u?:x.,u:xi:uel.m. 1)
Io.ﬁa.sacgn_rﬁm__._m_<uxum.

={x | ¥ +x-2= 0}, state w
>

Lo

u:u?ﬂbmg%_u
AR @anupcdsl
ey ~w {tcde,f E
% (AuB)= [a,b,clufam ;-
.& {a becf) ,

T T

T

" Weirdion 27: It U=(0.2,4,6,8, 10):A= (2, 4): B = {4, &) then verify the following

A’ = (0,6,8, 10); B’ ={0. 2, 6, 10} K
AAB = (D) e (1) B
ANB' = (2} oo (2)

B A" = (oo (3)

WWELP ENTR . 0 v e

(@) A= {2 2,
(b) A= 0 1,32,

Solutlon : (a) GivenA = (-2, 2}

Bzix|x.420
B=(x|x-3e2x=q)
B = x|x.4=q)

= lx+2x-2)=0)

= (2.2
~A=pB
(b) A={0,12 B = ?_x-.uxuqn."lg
= __._:n..ux,,s..s
= ix(d-2x-x42)=0)
= ?_uc?u:ﬂ..;ns
=

{0,2, 1)
. A=B
_n._.m-@.oz 30: LatU={a,b.gd e fxy2w;As(s,b,c d,e;B=(bdxy 2,

A-B s defined as A nB’, verify that (A-BY = A"  B.
Solution: A-B = AnB’

(A-B) = (a,b,c.d e)-(bd xy2)
= {ac, )
“(A-B) = {a b,cde,f %Y. 2, w)-(a,c, e)

{b,d, 1, %,y zw.

A'UB = :.x.sw.ic?.u_x;..u_w
(b d.1.xy 2z w
“(A-B) = A'uB.

..\___wﬂ_a__oz 31: I the universal sat U = (3, 4, 5, 0, 7, 8, 9, 10, 11, 12, 13),

A=(3,4,56), B={3,7,9,5)and C = (6, 8, 10, 12, 7} writa down the
following sets.

() A°, (1) B, (iil) C*, (V) (A'), (v) (B')'. (M) (AuBY, (l)(AnB)
(vil) A'uC’ and (Ix)B'nC',

Solutlon : Given

(3.4,5.6,7,8,9, 10, 11, 12, 13)
@3, 4,5, 6)
{7.8.9, 10, 11, 12, 13)

ith CamScanner
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@ BaprLn
e ~B' = (4.6 8, 10, 1,12 13}

(@) C = (6.8 10,127
o Clm (3,450,113
i i (iv). ‘A’ = (7,8,8,10, 11, 12, 13)
T ) = p4se=A
v) B’ = (4,6,8,10, 11,12, 13}
@) = {3,5.7.9)=B.

{3.4,5,6)u(3,7.9,5)

-
L

() (AuB) =
= (3,4,5,6,7,9)
~(AuB) = {8, 10, 11, 12, 13}

(vii) AnB = (3,4,56)}n(3,709,5

= m.mu

{4.6,7,8,98, 10, 11, 12, 13}

= (7,8,9,10,11,12,13}u {3, 4,59, 11,13}
= {3.4,5,7,8,9, 10, 11, 12,13}

B“nC’ = {(4,6,8,10, 11, 12, 13} (3. 4, 5, 9, 11, 13}
=, {4, 11, 13)

ig 22; In a class consisting of 30 students, 10 students take mathematics, 15

~(AnB)
(vii) A‘ucC

Sl (&)

take physics and 10 takes neither. Find how many students offer both

mathematics and physics ?
Solution :
*“Number of students In the class :n() = 30
Students taking mathematics : n(A) = 10
Students taking physics : n(B) =15
Students taking neither maths nor physics : n[Au B)] = 10

We know, [n (A u B)] n{U)-n[(AuB)]

Thus n [(A U B)] = n{U)-[n(AuB)]
= 30-10 =20
Applying formula,
n(AuB) = :ep::ﬁmu.:?:mv

THEGRY OF seTy

2 =« 10+15-n(Ang)
. “n{AnB) = 10+15.20=5,
..Zo.ﬁwggﬁgalﬂ&?-u.
tion 33 ; In a village with a feporied Pecpla
Population of 3000, it is
W&J?I_E_dggggaﬂglﬁiuﬂng
:&_.azap:wuoono-ﬂn:zcﬂ. .

Solution :

Total 3@:53:5#84&.8._ = n{u
People read The Hindy = _____M...__
People read Indian express = n(B) 1
voou_u_dmnvoa.n.ﬁi&uumvﬂ- = n(AnB) = 300
zo.QuSu.oBma%sl:miag = n((AuB))
We know, 1 ( uB) = :37.._3_-_1)32

= NS+4§-§u§o..
~“R((AuB)) na\E“..i)cE

Solution :
No. of students interested in music n (M) = 20
No. of students interested in photography n(P) =19
No. of students Interested in sports n (S) =10
No. of students interested in both music and photography n(MnP) = 15
No. of students interested in both music and sports nMnS) = §
No. of students interested in photography and sports n(PnS) = 3

No. of students interested in all three : nMnPnsS) = 2

We know the formula,

n(MuPuS)= nM+n(P)+n(S)-n(MaP)-n(MAS)-n(PnS)+n(MnPnS)
=20+19+10-15-5-3+2= 28.

Thus the total no. of students surveyed is 28.

|
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any ﬁn:.._m. 200 ﬁ—ﬂw. nq._nuni.

_auna.aaimooncﬁaa.amnoain&__nmoo_mxgsnanrm.man

180 piay Foot ball and 260 play Volley ba

_ - ball and Cricket. 3

e b AR “Find * (a) How meny students play all the ﬁwm%q

e Ve SE ) How many play cricket but not 0

; (¢) How many play foot ball o:i% and
(d) How many play ﬂﬂﬂﬁh% Show by Venn-diagram,
(e) How many play on

) . ng crick
. Solutlon : Let C. F and V represent the sets consisting of students playing cricket,
i football and volley ball respectively.

U

__ c B v

X

F

65

""" Since the number of s ludents playing all the three games s not given, we take this count
g, axlen(CnFnv)=x

7. Number of students play volley ball ana cricket = 100

o Areacommon to V and C but not F has (100 - x) students.

L Number of students Play foot ball and volley ball = 85

¥  Area common to V and F but not C has (85 - x) students.

“° Number of students Play cricket and foot ball = 50 B
& Area common to C and F but not V has (50 - x) students. B
| Number of students play volley ball = 250 <

Number of students play only vollgy bail

n

260 - (100 - x + X+85-x)

wmo-:mm.tummc-ﬂmm;.x
= 75+x

[

k4

Voll 5

L L R R T I

Play cricket = 200
Number of Students Play only cricket
= §-Hg.u+x+43.xu
= mo_o-:wo.xvumoa-._wooxnuo‘.x
No. of students play atieast one gams =

?E:Pn.saﬂi.zo of students do not

mc+x+._oo.x+.~m+x+uo.x Play any of the game.
+mm-x+&m+x+xﬂw8umm ﬂ g.mm

8. 405 + x = 435

S X = 3p

(a) No. of students Playing all the three games = 30.

(b) chnm_Em:ﬁnmﬁSSn_a;s:a_Sﬁa = %0+x= 504+ = g
(c) No. o-wpﬁmn_muﬁmsi__oo;m_mo% = 45+x = 45430 = umr.
(d) No. of students playing volley ball only =75+x = 715+30 = 105,
() zo.oqa._._no_._ﬁu_m__.oa_qgmnm_._s = 80475+ 105 = 280.

lystfation 36: In a class of 109 wg.am__xonaas.naaﬁasﬂa_ How
Bm:u,aqsa__rmcaﬁqm__ﬁzf

Venn - diagram.-
LetAandB represent the sets consisting of students _mr!m.o.d_.ﬁu and apple
respectively.

:> J

Solution ;

Let the number of students like orange and apple

= X
Number of students like orange = 63,
- Number-of sludents like orange alone = 63-x
Number of students like apple = 78

= Number of students like apple alone = 78-x
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a.
Heve we consider ail ,S.Ealﬁﬁ.nﬁ!nlﬁmo_,%n
:ECI)CU

Total number of students = 63-x +x + 76 - X
le. 100 = 138-x=>x=39.

*Number of students like both orange &nd apple = 39.

subjects are as follows.

the number of students falled in all tha subjects.

and Science respective ly.

Draw three intersecting circles to repersent E, M and S.

Wostration 37 : |, a class of 50 students, the number of students passed in various

: _ . 3 ; Mathematics ang
English 25, Msthematics 18, Science 14, English and Mathematics 8, :
Sciencs 5, English and Science 7. Al the three subjects 3. Using Venn diagram, find

Solutlon : Let E, M, S represent the set of students passed in English, Mathematics

Working Rule ;

Allocate the regions from tha bottom of the problem.
The no. of students passed in alithe 3 subjects = 3.
= P 3in the area common to E.M&S.
Na. of students pascad in English and Science 7
E.Egﬁbmbh@nimm:amviaﬁr_ =7-3=4,
No. of students passad in Maths and Scienca = 5§

,.E.Qngkummuun_zzmunmmanan_m = 5-3=2

No. of students passed in E & A = B.
= No. of students passed in £ and Mbutnot S = §.3=5 (FuMLS)=10
. No. of students passed in Science = 14

.Zo,n:w.nnaﬁbﬁumn.amﬁa.,:&m_oam = 14-(4+43+2)=14-5=5

No. of students pasced in Mathematics = 18

-No. of studants passed in Maths aicne = 18-(5+3+2)=13.- 10=8

No. of students passed in English = 25,

No. of students passed in Engiish alone (5+3+4)=25.12=13.
No. of students passed in &ny ore of the sub. As = Sum of 3l numbers entered in the diagram
= ._u+u‘.»_+m+m+m +8=4p
¥ve know Iotal no. of students = 50

*.Na. of stugents failed in ail the subjects = 50-40=1p

L ety

E THEORY OF spyy

T
[

w Solutlon : Let TAC represent the sets ofs
A and 08=3 respectively,

(2) No. of students do not take any of : v
u_._AE.i._.cncE VRt e

3 u_mc.aé?f»i:i&?t. T E ~
(b) No. of students taking only one subject d
=3+21+21=45 _ -

(c) No. of students taking two subjects only
3 = 12+4+7=23

University Examinaclon Questions & Answers

Nlustration 39: If A={1,2,3,4,5; B=(3,4,5.6, Thand C=(1,2,6,7),

Find (a)Au(BnC) (b)An (BuC).
[B.Com., M.ICLL. April 94]

Solution ;
(a) BNnC =(3,4,56,7}n(1,2,6,7)
= (6, 7}
“Au(BNC) ={1,2,3,4,5}u(6.7)
={1,2.3.4,5,6,7)
o (b) BuC =(3,456,7}u{1.2.6.7}
i ={1,2,3,4,56.7)
B ~AN(BUC) ={123,4,5/n{1,2.3.4,5.6.7)
= (1,23 4,5
.m ] lllustration 40: If A ={1,3,4,5,B=(5,6,7,8)and C = (3,4, 10),

i u b) (AnB)nC (c)(AnB)uC (d)(AuB).C.
Find (a)(AuB)nC (b) (ANB) S b g

Solution: Given A=(1,3.4,5}): B={5.6,7.9). C=(3.4, 10}
(a) AuB = {1,3,45}u{5.6.7.9)
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BUSINESS MATTEMATICS

= [1,3,4,56.76
‘® (1,3,4.56,7.9)n
- (3,4)

= {8

= {8034, 10) = ¢

(3.4, 10}

e} (AnB)uC = (5} v (3.4, 10)

= (3,4,5, 10}

() (AuB)uC = (1,3,4,56,7 0)u(3 410

‘Maostration 41

Aub

/ Miustration 42:

Bolutlen :

= {1,3.4,56,7,89, 10}

WA={1,3,4,5);8=(1,7,8,10), ind (A B) and (AnB)

= (1,3,4,5) {17 8 10}

= (1,3,4,5 7 8, 10)
(AnB) = (1,3,4.5)n (1,7, 8 10)

= {1}

[B.Com., M.K.U. April '9&]

WA=(1,2,3,4), B={3,4,56)and U={0,1,2,3,4,56,7,8,9), thon
verify that
(a)A-B=AnB' =B -A"and (b)(A-B)u(DB-A)=(AuB)-(AnB)

) A-B=AnB =B .A
= (1,23, 4)- (3,4,5,6)

A-B

AnB

B -A

From, (1). (2) and (3) wo conclude that A - B

_:_‘.C..
= {1, 2)

() (A-B)
A-D

={1,2)

={1,2,3,4)0{0,1,2,7,8,9)

={1.2

® (0,1,2,

= {1, 2]

7,8,9)-(0.5 6,7 8 0)

(AuB)-{AnD)

B-A ®1{34506)-(1,223,4)=(5 g

[B.Com., M.K.U., April ‘B4)

= AnB'= B’ . A

THEORY OF SETS

~A-B)u@-A)= {1, ﬂim.&
={1.2,5,8}..
(AUB)= (1,2.3,4)u (34,5, o
= (1,2,3.4,5,8)
(AnB) = {3, 4}
HAUB)-(AnB) = (1,2,3,4,6,6)-(3 4
B {1,2,56) ...
Since (1) and (2) are equal, we conclude Eﬂ.
(A-B)u(B-A)=(AuB)-(AnB).
Mustration 43: 1A=(0,1,2,,B=[1,3,4),C= (7,8} are sots find Au (B C)and
(AuB)nC. .Eugan:n: |B.Com., M.K.U. Nov., * 84]

Solution: Givon A= (0, 1,2); B={(1,3,4); C={7, 8}
BuC = {1,3,4)0(7,8}=(1,3,4,7,8)
Au(@BuC) = (0,1,2}u(13,4,7 8 _
{08, 2. 88, . B iscsciilssicacsbinionsivberiisinivns
AuB = {0,1,2)u{1,3,4)={0,1,2,3, 4)
(AuB)nC = (0,1,2,3,4)n(T,8)

PSR,

From (1) and () we conclude thal A u (B u C) and (A u B) n C are nat equal.

I A=(1,3,4,6} B={2,3,7.0)areselsand X={1,2 .o

tho universal set, ?9_6 that -
(a) (A uB)y = (A nB') !ﬁ (b)y(AnB) = AL B
[B.Com., MU, Mov., ¥4}

Nustration 44 ; LOpis

Solutlon : Given A ={1,2, ... 9)tA={1,3,4,6),B=(23,7,9)

() (AuB) = ::u__;muﬁsn:nﬁmq o)
S(AuB) = (6,8).. R
LA B ﬁcﬂms_‘,: .a as

6,8). e e _
From Ec:a."mv....a.,t_.ﬁ_caa ,g_ ﬁ);a"_ = } _:m

IANB) = __._.u._n.mf._“m.u.q.guﬁ__
AANBYE (1,2,4,5,01,8,9) e
AUl e (2,678 p)u(1,4,506,8
s {1,2,4,56,7.8.0). :

Fram (1) and (2) wo conclude that (AnB) = _.PL u m.

(b)
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- Wumtration 481 i X = (1.2,3,4,5.0,7, aw.,.._._ai_.:_!waaa
. \ A=(3,4,5) B[S, ﬂ.&..n.:h*-a.-:«- ;
1) (AuB) (i)(AnC) and (il)(BuC)-

3 et : (b ¥ = r
m__-:ﬁ.“_.u.e_. (b) (AnB)uC AuC)n(ByuC)

s ; ; —-.g.. ‘.X.C.i_ .-ﬁu 2 A y "

T Solution: Given X = (1.2, i 8 A= (3,4.5B=(5.7.8.C={1,2) %
i : s ; A ity
o o ) (AuB) = (3,4,5)0(5,7,.8)=(3,4,5.7.8 __""._ (AnB) = l

T e T A By (1, 2, 0) ¢ = [Im
o TS () (AnC) = (3,4,5n(1,2) = ¢

WAL L iy “(AnC) = ]

nC)y= (1,2,3,4,5,8,7,8) & AnB)u
(W) BuC) = (578 u(1,2)=(1,25786} - RHS.
S(BuC)y= (3,4, 6). _,._.

s Mustration 46: Using venn - diagram, prove that (a) (AuB)nC=(AnC)u (BnC),. f
T (b)(AnB)uC=(AuC)n(BuC) : =
[B.Com., MKU.Apriigz)

woo) = B
euc) = (I

(AuC)n(BuC) = . = RHS

< : ___.ja.a_oa.. (@) (AuB)nC=(ANC)u(BNC)

ity

T il
It A% B (AuC)n(BuC)
Nl aos) = 5 3 LHS.= RHS. +- (AnB)uC=(AuC)NBuC) .
I hd =
c il C = Emg ‘B llustration 47 : Draw Venn-dlagrams (o showthat An(BuC) = (AnB)u (AnC)
. § E : UL [B.Com., MLCU. April 2003]
U (AuB)nC = Solution: An(BuC) = (AnB)u(AnC) Ang) ~E
s (anc) =0
RHS. BuC)= (AnB)u(AnC) =
’ _ i B, 000
Anc) = 5 = LHS. = RHS.
B
(BnC) = E..:E : Fig.1 An(BuC) Fig.2 (AnB)u(AnC)
2 (AnCu@Bnc) = 1 LHS.= RHS. =~ An(BuC) = (AnB)u(AnC)
i Working Rule : - i3
_ ted by the horizontally shaded area and B u represented
(A5C)uiBn C) anu_““_ uﬂmmhm”hmquwa ._."Mq._uamﬂ‘zua& with both horzontal and verbical lines represents An (B C)
LI =RH.S. In Fig. 2 the area (A n B) is shaded with horizontal lines and (A n C) I shaded with vertical nes.

“(AvBInC=(AnC)u@nc) - The area shaded with either vertical ot horizontal o both type of lines represent the set

".?:Ec? nC)
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Whiaration 48 : Draw a Venn-lagramto very it (A~ B)1 (29 0 L (B..Cy - (a) Stdents 60 not read any o e toe magaines .
ot g ) : "Ml 20y nAVBUCY] = n{U)-nauB,

s (a-8) = [[H £ n(AuBuG) : )

: s — :E:..ET=,9...$awv-=.w395339.

NAnBNC)
(A-B)u(A-C) = = mo.-m_a...ua..mo.m.o-uot_aus ;

~n[(AvBUC)] = 100-90=10
5 = 10% of students do not read any of the three magazines.
. (b) Percentage of students read only two magazines.

=n(An WT:A)DW:Gu.-,_..a:nuu-:n):w:og¢:n).J_Ou._._.nP.)WJOH
=(30-10) + {20 - 10) + (30 - 10) =50

(A-B)u(A-C)
LHS.= RHS . (A-B)u(A-C)=A -(BnC)

- Alternative mathod :

4 This prablem can also be solved by using
~ Venn diagram.
. - From the Venn- diagram, we can conclude that

& (a) 50% of students read exacily twa
magazines.

rtnsr_:u. ﬁ:_nh

= In Fig. 1, the vertically shadod area represents A - B and the horizontall o
- represents A - C. ‘ P y shade

~. The total shaded area represents (A - B)u (A-C)
£ (b) 10% of the students da nat read any of the

E2 In Fig. 2, the horizontally shaded area represents A and the vertically shaded area rep .
R three magazines.

BncC.

* The horizontally shaded area represents A- (B C)

_._._.. Illustration 50: IfA={0,1,3,5)}, ma:.»..!.b!&ﬂn:.m.u. §, 8) prova that
(AuB)uC=Au(BUC) E gt_ﬁ:fgﬂ

llustration 49 : |n a survey, concerning the reading habits of students, it was fo
that 60% read magazine A, 50% read magazine B, 50% read magaz

_m.:w%m read A& B, 20% read B & C, 30% read A & C 10% read all the
a. .

g Solution : :
(AuB) = {01,3,5/u(1,2 47} = {0,1,23.457)
(AUB)UC = {0,1,2,3,4,5 7Thu(1.2.3.5, 8

| = {0,1,2,3,4,578 M T RN, &1 v

(@) What percentage do not read any of the three magazines? 5

(b) What percentage read exactly two magazines? :

[B.Com., M.K.U. April ‘¥
Solution : We have, 2.....,,..

- .5, 8 = 1,2,3.4,57. 8
Percentage of students read magazine A BuC) = {1.24T1u{1,23.5 1 {

. g . n{A) = 6o Auv(BuC) = E._.w.mw U T.N.u.b.m.ﬂ.m._ il
i . o n{B) = 5p & = {0,1,2, 3,4, 5. T, B Jurvcerimsierssssmsississsassissesssanssean R 19
‘ . : nic) = 5p LHS. = RHS.
iy . A&B - nAnB) = 3g R Qrcmvcﬂ = Au(BuC)
» . B&c n{Bn C) = 90 -
. ) \.'Wn H _..:‘PW_O"_ = 30

AB&C .

:T»_..w_‘_ﬁw = 10
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Wustration 51: {A={1,2.3), B={23.C

Salution : r
(AuB)

¢ oo A{AUB)AC =

Wustration 52: If A=(2,3,6). B=0.8 10 1) C=16.8.10,12) yu f
An(BuC)=(AnB)U(ANC). ooy ¢

Jolution :
(BucC)
An(BuC)

3)5«
(AnC) =
(AnB)u(AnC) =

S“AN(BUC)= (ANB)U[ANC)

Wustration 53: 1A =(1,2,3,4),B=(3,4,56),C={1,5,6.7, 8} verily tuls
Au(BnC)=(AuB)n(ALC)

Solution :
(BnC)

AuBnC) =

(AuB) =
(AuC) =
(AUB)A(ALC) =

LHS. =

123.4U 8.4,56 = (1,23,4,56)
(L.2.3,4} U (1,5,6,7,8) = (1,2, 3,4, 5,6, 7,8
{1.2,3, 4, 5, 6} N {12, 3. 4,5, 6,7, 8}

.2.3,4,8 800
RH.S.

BUSINESS MATHEMATICS

= (3, # hind Sfmowazoac o
. B. . M, - #

(1,23)0 23) = (1,23

(1,23} n (3.4}

[B.Com., M.KCU., Noy,

s 7

{3,8,10, 11} U (6,8, 10. 12} = {3.6,8,10, 11,158
{2,3,6) N {3.6.8,10, 11, 12} i
) S———
{2,3,6) ~{3,8,10,11} = {3}.
{2.3,6) n {6,8,10,12} = {6}.
S RUTCERCAL) B—

[B.Com., M.K.U., Aprll 2004

-

(3,456} (15,678} = {5, 6)

{1.2,3,4} u {56}
102,3,4,5,6)ccocccicmrecrcrcee L

Wi
=Y
b

[TTTT T

LAUBAC)= (AuB)n(AucC)

e o

S ——T ||

ﬂg’qnﬁg
llustratioh 54 : :)n:_n.u_!umln.u.._.ﬂ
verify (a) (AUB)=(A~B)UB M) A~(A~B)eArn.
Solution : e
(@) (AuB)=(A-B)uB

AUB) = 23y R34y (1.23.4.5 ___Lus
(A=~B) = (L23-(23.45 = (1)
A~B)UB = (U345 1.2.3.4.5—_RMs
LHS. = RHS.

~(AUB)=(A ~B)uUB

A~(A~B)=AnB.
LH.S.
(A~B) (1.2.3)~{2.3,4.5) = {1)
A~(A~B) {1.2,3)~ {1} 0.3 ol ine
RH.S.
(A AB) 1L23} N 2345 = 23) . ——RHS.
LHS. = RHS.

~A~(A-B)=ANnB

lllustration 55: Draw Venn diagram to represent (a) (A—B) [b) (A~B)

[B.Com., MLICU, April 2003).

Solution : (a) (A-B) i B

SR = |

(b) (AnBY
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4 BUSINESS MAT!

.o and (AVB)= A . THEORY
Niustration 56 : Draw Venn diagram for (ANBY=® 505 0 ki Ko, 20y

(b) auB)=A

Solution : {a) (AnB)-g
O Oﬂ r.

B)= A
(A~B)=o (A UB)

b)) AL(BAC)- (A UB)r (A

LHS

~C)

T IR T T

wC)=(A-B)n(A -C)
(AUBLC)= A'~B~p
[B.Com., M.LK.U., Now, uenu_,

itustration 57: Verify using Venn diagram. (a) A-(B
(b) AU(BAC)=(AuB)N(AUC) & ()

Solution : {a) A-(BuC)=(A-B)n(A-C)
LHS

(A uB) =
(A LC)
(A UB) n{A L)
. E5. @A

~AUBAC)= (AUB)A(A L

(€) (AUBUCY- A'-BC

-HS, e

(A-B)

(A-C) =
T RER LAY

wta ; ; W s = [

LA-(BuC) . i | b = RMS

* (A-Bl\na-C) o 3 g 1, L . WM-E

LAUBUCY = ArBAC
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on ;
- “Hstration 89: Stts Demorgans Law by drewing Vo [B.Com., M.K-U., April 2003

K ho.ﬁ.!.. Fv g:.—i-ﬁs-wuu.au“, .
: (1) (AUBY=ARE* (i) (AnBy =AUB
) (AUB)'= ATS"

LH.S.

ST I, 1

St

(AuB)y

LHS = RHS.
5 (AUBY - ACDY
i) (AnB) = A'uB
HS.

(AnB) = D
ANB) = E S I, - %

THEORY OF sery

INNEY
d - B8, (I + BB

4 _._)_J.m*. = AyuB

b) Demorgan's Law for Ihree sets are

() A-®nC)=(A-B)u(A-C)
W) A-(BUC)=(A-B)n(@A-g)

(Refer Ill. No. 57)

L.H.8,

) A-(BAC)=(A-B)u(A-C)

(A-B) =

a-c) = [

A-Byu@a-c) « . (s B8 --rns.

_.> - GH W T-r - #J.ﬂ

il « L (D s

S A-DAT)=A-B)UA -C)
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AGATECS
2 EaNESE MATHEMAS
RUSH ﬁ_n. -..m..-.\, ﬁ) .r\.nw

BCl" untw. Apr 2004)

ey §3; Lising Veon dagrem prove (p.Com. WX

W+E=1g
50- {10+ 1046} 24
= 50 -20 =30,

| Stale Trus or Falye

1. A nuil set s 2 subisel of every sal

A sel having g oloment is calleg singiston sa
in o set Ae {12 1y)

Forthe asl B = [ab.ed),
The sots A « (2357.8

{3) s @ sub pot af get A
{bic)is a sub selot B

= (tha sat of pnme numbars < 10)
AvB = (X | xe Aand ks B)

AUA=|
AnA=g
(AUBF = A Ap

. Aselis a subsel of Its power get
If U is the univereal sel, than | rayy
A-B=PB- A
AUBUC)=(AUB)~C
An(BnC)=(AnB)nC
AuB=BrA

L R

)

=
Al
Fcy

yshat ball and 10
a-wy one? (b) How

Choosae tha correct answer

" 0 y i It A={setol vowels in Englieh Alphatets), B = {sal of Alphabets in English), then
No ol stcents paying £ : _ 20 B (@ AcB (o) AgB () Bg A (d) none
" laving Foot ball . |1

NG OLSREA: GEphg 100 S88 \ = . IAgB and Bg G, then
No. of studants playing Baskal ball 23
e e (a) AgC, bjAgC c)AcC (d) nona

- la 7 Facthall and 8 1
No. of Stuadent v Foo | only

Ol

. mall on If there are 3 elements i1 @ set A, then the number of subsets for the set A is
No of Students piay Baskeball oni)

(a) 3 (b) 8 (cr27( <6

The number of subsets for the set {3,7,1,5) is

(a) 8 {b) 32 (c) 16 (d) 64
A ={245), B = (x| 3x=12], which cf the folicwing s true.

(a) AcB (L RcA c)A=B (d) none

A void set has
_m“ one element (b) two elements {c) thres elaments
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